UNIQUE SOLVABILITY OF THE FREE-BOUNDARY 
NAVIER-STOKES EQUATIONS WITH SURFACE TENSION 



Daniel Coutand and Steve Shkoller 

Department of Mathematics 
University of California at Davis 
Davis, CA 95616 



Abstract. We prove the existence and uniqueness of solutions to the time- 
dependent incompressible Navier-Stokes equations with a free-boundary gov- 
erned by surface tension. The solution is found using a topological fixed-point 
theorem that requires the analysis of a model linear problem consisting of the 
time-dependent Stokes equation with linearized mean-curvature forcing on the 
boundary. We use energy methods to establish new types of spacetime esti- 
mates which allow us to find a unique weak solution to this linear problem. We 
then prove regularity of the weak solution, and establish the a priori estimates 
required by the topological fixed-point theorem. 
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1. Introduction 

We are concerned with establishing the existence and uniqueness of the time- 
dependent incompressible Navier-Stokes equations with a free-surface governed by 
surface tension. Let C M'^ denote an open bounded domain with boundary 
Tq := dilo. For each t E (0, T], we wish to find the domain ri(i), a divergence-free 
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velocity field •), a pressure function p{t,-) on Q{t), and a volume-preserving 
transformation ri{t, ■) : flo R'^ such that 



n{t)=rj{t,nn), (l.la) 

T]t{t,x) = u{t,ri{t,x)) , (1-lb) 

ut - vAu+ {u ■V)u ^ -Vp + f , (1.1c) 

divu^O, (l.ld) 

vDei u n — pn — crHn on T{t) :— ri{t,To) , (l-ls) 

u{0,x)^uoix), (l.lf) 

?7(0,a;)=x, (l.lg) 



where v is the kinematic viscosity, ct > denotes the surface tension, n(t, •) is 
the outward pointing unit normal to T{t), H(t, •) := ^ div n{t, •) denotes the mean 
curvature of T(t), and Def u is twice the rate of deformation tensor of m, given in 
coordinates by ,i. All Latin indices run through 1, 2, 3, the Einstein summa- 

tion convention is employed, and indices after commas denote partial derivatives. 

Solonnikov studied the solvability of 1)1.1(1 in [HI E] ■ His proof did not rely on 
energy estimates, but rather on Fourier-Laplace transform techniques, which re- 
quired the use of exponentially weighted anisotropic Sobolev-Slobodeskii spaces 
with only fractional-order spatial derivatives for the analysis, as well as for the 
statement of the main result on solvability. In particular, he required the initial 
data Wo G iJ*(rio;R'^) for s G (2,2.5). In a more recent article Tani in ^llj, used 
Solonnikov's functional framework, but applied a new nonlinear iteration procedure 
in order to prove the solvability result; unfortunately, the linear problem which he 
poses in equation (4.3) on page 319 of JI] is not solvable. 

In the case that fio is an infinite horizontal layer of fluid with a rigid bottom and 
a free surface, Beale [2] established the stability of the equilibrium state; namely, he 
showed that small perturbation of the flat surface continue for all time. The analysis 
made clever use of the fact that the normal vector is constant on so that the 
boundary terms arising from surface tension involve surface Laplacians of a scalar 
field, whereas for a general domain i7o (wherein the normal does not commute with 
the surface Laplacian), the operators act on a vector- valued field. This is a subtle 
issue which significantly simplifies the stability analysis. Analytically, Beale used 
the Laplace transform for the time variable; this required the use of fractional-order 
derivatives for his analysis as well. 

In this paper, we develop energy methods, based on a new type of energy in- 
equality for the weak formulation of the fundamental linearized problem, arising 
from Solonnikov's method of successive approximations . We use this inequality 
to obtain weak solutions of this linear problem, proceed to develop the necessary 
regularity theory, and then provide a topological fixed-point theory for the mapping 
associated with the method of successive approximations; this, in turn, yields our 
unique solution to Hl.l|l . As we shall specify below, we choose the initial velocity 
field Uq to be in the space i?j;^(rio; H^'^): and prove the unique solvability of (|1.1|) 
in the natural energy space L'^{0,T; H^^^{n{t);M.^j) associated to this initial con- 
dition. Our proof of regularity illuminates the subtleties between the smoothing 
effects of surface tension and the derivative loss which surface tension appears to 
induces upon the successive approximation scheme. 
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In addition to the energy methods that we use for the basic hncar problem, 
we employ the Tyclionoff fixed-point theorem to prove existence of solutions to 
the Navier-Stokes equations; our approach requires less regularity on the forcing 
function / than is required by the Banach fixed-point theorem used by Solonnikov. 

2. The basic energy law 

To understand the intrinsic dynamics of interface flow, let us set the external 
forcing / to zero. Let K{t) = \ j^^^^ \u{t,x)\^dx denote the kinetic energy of the 
fluid, and let A{t) denote the surface area of T{t). If there are smooth solutions of 
1)1.1(1 . they must satisfy the following basic energy law: 

[K{t) + aA{t)] ^-y j I Def wpfix . 

When (7 = but ly > 0, the kinetic energy decays, whereas when v = and cr > 0, 
there is a delicate balance between the kinetic energy of the fluid and the surface 
area of the moving boundary, the sum achieving a critical point of the total energy. 
In the former case, the problem behaves as if it was parabolic, whereas in the latter 
case, it behaves almost as though it was hyperbolic; Beale viewed the system as 
being of mixed character. We view the system as behaving more as though it was 
parabolic; the estimates for the linearized system show that viscosity is necessary 
to control the higher-order derivatives of the surface tension term on the boundary. 
On the other hand, this coupling is seen only when one linearizes about an interface 
for which the normal vector is not constant. For example, in the problem that Beale 
considered in j2j , smoothing on the interior due to viscosity, and smoothing on the 
boundary due to surface tension decouple at the level of the linearized equations. 

3. LAGRANGIAN FORMULATION OF THE PROBLEM 

Let 

a{x) = [Vr,{x)]-\ (3.1) 

where {Vr]{x))j = drj'^/dx^x) denotes the matrix of partial derivatives of 77. Let 
V = uor] denote the Lagrangian or material velocity field, q = porj is the Lagrangian 
pressure function, and F — f or] is the forcing function. Then (|l.l|l can be written 
as 



Vt 


— V 


in 


(o,r) X no, 


(3.2a) 


vl - v{a]a^iv\k),j +aU,k 


= F' 


in 


(o,r) X no, 


(3.2b) 




= 


in 


(o,r) X fio, 


(3.2c) 


v{v\k af + v\k a'', )a{N.j - qa{Nj 




on 


(0,r) xFo, 


(3. 2d) 


V 


= uq 


on 


nox{t = o}, 


(3.2e) 


V 


= Id 


on 


nox{t = o}, 


(3.2f) 



where N denotes the outward-pointing unit normal to Fq, and 

Ag{r]) = (Hn) o rj 
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is defined as follows: denote the Laplacian on Tq with respect to the induced metric 
g by Ag, so that in local coordinates {?/", a = 1, 2} on Fg, 

A.(M=^^"'^(V)(^-rI,(.,.)^), (3.3) 

where g"^^ = g~^, 

where 5ij denotes the usual (identity) metric on M"^. In the computation of the 
induced metric in (|3.4|) . the flow map rj is restricted to the boundary. Throughout 
the paper, all Greek indices run through 1, 2. 

4. Notation and preliminaries 

We begin by specifying our notation for certain vector and matrix operations. 

We write the Euclidean inner-product between two vectors x and y as x - y, 
so that X ■ y = y*. 

The transpose of a matrix A will be denoted by , i.e., {A^y^ = Aj. 
We write the product of a matrix A and a vector b as Ab, i.e, {A by — AjV . 
The product of two matrices A and 5* will be denoted by A-S, i.e., (A-^)* = 

The trace of the product of two matrices A and S will be denoted hy A : S, 
i.e.,A:S^ Trace(A • S) = A) Sf . 

For s > and a Hilbert space {X, \\ ■ \\x), H'^{il;X) denotes the Sobolev space 
of X-valued functions with s distributional derivatives in L'^{fl;X), the equiva- 
lence class of functions which are measurable and have finite || • 11^2 -norm, where 
\\f\\hin;x->=ln\\m\\xdx. 

For T > and integers m > 1, we set 

V\T) ^{we L\0, T; H^no; R")) | Wt G ^^(o, T; H\no; M™)')}, 
V^T) = {we L2(0,T;i72(r!o;K'")) | wt G L^iO,T; L^no;R"'))}, 
T/3(T) = {we L\0,T;H^no;R"')) \ Wt £ L^O,T; H\no;R"'))}, 



where for any Hilbert space X, we use X' to denote the dual space. Letting F :— dil, 
we use iJ-^(F;M™) to denote the dual space of iJ"(F;R"'). We shall also need the 
spaces 

Vl^{T) = {weV''{T)\ divu; = 0}. A: = 1,2, 3, 
as well as the space (of weak solutions) 

V(T) ^{w e L^{0,T;H\no]R^)) \ divw = 0, 

N ■ Wow{r)\rodr e i°°(0, T; L\To; M'))}, 

where in components [N ■ VqI']" = Nig^^ dpv^ . When there is no time dependence, 
we shafl use V to denote the space {ip G i?^(f2o,R^) | divV" = 0, • Vqi/j G 
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Lemma 4.1. The space V is separable. 

Proof. The mapping / : u — > (?2U, d^v, v, Vqu ■ N) is an isometry from V into 
the separable space [L^(ilo; R'^)]'' x i^(ro;M^). As a subset of a separable space, 
/(V) is separable (see, for instance, 3 ), and consequently V is also a separable 
space. □ 



5. The main theorem 

Theorem 5.1. Let flQ <Z MP be a smooth, open and bounded subset, and suppose 
that V > 0, a > 0, and Uq G R'^) satisfies the compatibility condition 

[Defuo ^]tan = on To, (5.1) 

and that 

f e L^{0,f;H^{M.^;R^)), ft e L^{0,f; H^{R^;R^y) . (5.2) 

Existence. Then there exists a T > depending on uq, f , and Qq, such that there 
exists a solution v g V^(T) and q G V'^{T) of the problem 1^3. g)) . Furthermore, rj G 
C°{[Q, f];H^{nQ; R^)) and the surface tension term crAgir]) £ L'^{0, f ; Hi (Fq; R^)). 

Uniqueness. Moreover, if there exists K > Q such that 

yt < T, V(x,y) e R3 X R^, 

\f{t, x) - fit, y)\ + I V/(i, x) - Vf{t, y)\ + \ft{t, x) - ft{t, y)\ < K \x ~ y\ , 

(5.3) 

i.e, f , V/, and ft are uniformly Lipschitz continuous in the spatial variable, then 
the solution is unique. 

Remark 1. The regularity of our unique solution v £ V^{T) implies that for each 
t € [OjT] there is a unique domain f2(t) of regularity class , a unique divergence- 
free velocity field on fl{t), u G L^(0,T; H^(fl(t);M.^)), and a unique pressure func- 
tion p € L^(0, T; ff^(ri(t); R)) solving the Eulerian problem 1^1.1]) . Also, although 
we have stated our results for three-dimensional fluid motion, all of our results hold 
for two-dimensional fluid motion as well. 

Remark 2. Theorem \5.1\ differs from the existence and uniqueness assertions of 
Solonnikov 9 , which require the initial velocity field uq to be taken in _ff^'j^(r2o; R"^) 
for s £ (2, 2.5), and does not permit the integer value s — 2. 

Remark 3. Our theorem also differs from that of Solonnikov' s |^ in that we require 
only the minimal regularity assumptions \5.!l^) on the forcing function f in order 
to establish the existence of solutions, whereas the additional Lipschitz assumption 
1^5. 3)) is needed only for uniqueness. This is due to our method of proof which 
employs the Tychonoff fixed-point theorem instead of the Banach fixed-point theorem 
used in (9|. 

6. The basic linear problem 
We denote the surface Laplacian on Fg by 

Ao := Ag(o,.) 

where Ag(o,) is defined in (|3.3|) and H3.4|l . and ^(0, •) is the induced metric aXt — Q. 
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We are concerned with the time-dependent hnear problem 

Wt - i^Aw ^ -\/p + f in (0,r)xr2o, (6.1a) 

divw = a in (0,r) x flo , (6.1b) 

vBeiw N -pN ^a{N ■ /\q ( w{s)ds + B)N + g on (0, T) x Tq , (6.1c) 

Jo 

w — Wo on flo X {t ~ 0} . (6. Id) 

Theorem 6.1. Given i/ > 0, cr > 0, and g e L'^{0,T; Hi (Tq-^R^)) with gt G 
L2(0,T;i7-5(ro;K3)), and 5(0, ^tan = 0, and the initial data wq e Hl.^{no;R^) 
satisfying the compatibility condition 

[DefiDo iV]tan = 0, (6.2) 

B G C°(0,T;ff5(ro;R)), Bt € L^{0,T; {To;R)), with B{Q,-) = 0, d G V^iT) 
with a(0, •) — 0, and f G V^{T), there exists a unique solution w G V^{T) and 
p e V^{T) of 1^6.1}) for any T > 0. Furthermore, we have the estimate 



Wwh^O.T-H^Qom) + 11^ • '^O / W{s)ds\\^ 1 + \\p\\L^O,T-H^nom 

J Q ' ' ' 

+ \\wt\\mo.T;m{Qo;m) + 11^ ■ '^Ow||^2(o.T;if3(ro:R)) lb* II i"(0,T;L2(no;R)) 
+ ll'^'^*llL2(o,T;_f/"i(ro;R9)) ^ lb*llL2(o,T;H"i(ro;K)) 

<C^(lho|| //2(Oo:R3) + 115(0, •) ■ A^ll^i + ||/(0)|1l2(q,,.r3) 

+ 11/11 + II/J 

+ \\a.\\mQ,T-HHnoM)) + l|at||L2(0,T;L2(no;R)) + II co([0,T]:ff ^ (Fo*)) 

+ ll^t||^2(o_T;/i-i(r(j;B)) ~^ ll^llL2(o,T;/i"i(ro;K)) ~^ H^* H L2(o,T;ff" i (FoiR))) ' 

(6.3) 

where the C may depend on T , Vlo, v, cr, and C(T) remains bounded as T — s- 0. 



7. Proof of Theorem 16.11 
7.1. Weak solutions on ilo- 

7.1.1. The divergence-free linear problem. We first transform (|6.1(l into a divergence- 
free problem for the velocity field. To do so, we shall consider the following elliptic 
problem: For a.e. t £ [0, T], we solve 

-Ar(t, •) =a(i, ■) in f^o , (7.1a) 

r{t,-) ^ro{t,-) on To, (7.1b) 

-Aoroit,-)=d{t,-) on To, (7.1c) 

where Aq denotes the surface Laplacian on To, and define 

vit,-)^Vrit,-). (7.2) 

Lemma 7.1. veV^{T) and[Defvt N] ■ N e L'^{0,T; H^To;R)), and 

«(0,-) = 0. (7.3) 
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Proof. For a.c. < t < T, d{t,-) e H'^(no,R) and at(t, •) e L'^{no,R). It follows 
by elliptic regularity of Aq that for a.e. < t < T, ro(t, •) S H^-''{To,R) and 
dtro{t, •) £ i?^ '^(ro, M), so that by elliptic regularity of the Dirichlet problem, we 
see that r(i, •) e H^iflo^R) and rt(i, •) e ij2(Oo,M), so that v e V^3(r), gy the 
usual compactness argument, v e C([0, T]; i?^(rio; IR'^)), and since a(0, •) = 0, we 
see that v{0, •) = 0. 

It remains to show that [Def wt N] ■ N € L^{0,T; H^Tq-M)) (which is better 
than the trace provides). We may characterize the surface Laplacian as the trace 
of the operator VqVo, where Vq is the surface gradient, given by 

Vo = (Id - TV iV) V . 

A simple computation shows that on Tq 

A = Ao + Vo • [(iV ® N) V] + (TV ® iV) : VV . 

Because of (|7.1a|) and l|7.1c(l . 

{N(g)N):V\7rt = -\7o-[iN(g)N)V]rt, (7.4) 

and since 

[Def i;t N]-N = 2{N (E) N) : Vvt = 2{N «) N) : VVr* 

(where we have used H7.2(l for the second equality), H7.4|l proves the lemma, since 
e L'^iO,T:H^To;M.^)). □ 

We define the new divergence-free velocity field 

w — w — V , (7.5) 

and correspondingly, the modified data: 

f^f-vt + iyAv, (7.6) 
g = g- [lyTlefv iVjtan , 

B = B + N-Aq[ v{s)ds-iy{j:)eiv N)-N, 
Jo 

and 

Wo := w(0) = Wo , (7.7) 
where we have used (|7.3ll for (|7.7|l . and [-Jtan denotes the tangential component. 
Lemma 7.2. The modified data has the following regularity: 

feV\T) 

<?£ L2(0,r;iji(ro;R3)), gt G L^{0,T; R-HTo-R^)) , 

B e C"([0,r];ff^(ro;M)), Bt G £^([0, T]; iJ^ (Fq; M)) , 

and 

i?(0,-)=0, (7.8) 
TV-g(0,-)eif^(ro;M). (7.9) 
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Proof. Equations l(7?H|) and ifT?^ follow from (|73|l and the fact that B{Q, •) = 0. 
Lemma l7.ll also establishes the desired regularity for /, g, gt, B, and Bt- It 
remains to show that ft G L'^{0,T; H^{no;R^Y). From lf7?H)l we see that ft = 
ft - vtt + y^vt has the desired regularity if vtt £ L2(0, T; iJ^(Oo; R^)')- This is 
true if att G L'^{Q,T\H'^{nQ;Wj'), which is the case if wtt e L'^{0,T;H\no;M!^)'). 
This follows from H6.1a|l and the a priori estimate 1)6. 3|l which shows that Vpt G 
L2(0,T;i/i(r!o;M3)'). □ 

Remark 4. To 6e more precise, we may define d'^ := J'^*d for a family of Friedrichs 
mollifiers J' , and then pass to the limit as e ^ after obtaining the a priori estimate 
i)6'. tip . The above lemma proves the consistency in allowing f G V^{T) (and hence 
Vpt G L^(0, T; _ff ^(rig; with the estimate i|6'.5^) which is itself established using 

that f G V^{T). 

We now consider the following divergence-free problem: 

Wt-i^Aw^-\/p + f in(0,r)xf7o, (7.10a) 

divw = in (0,r)xf7o, (7.10b) 

i^Deiw N -pN ^ cr{N ■ Ao [ w{s)ds + B)N + g on (0,T)xro, (7.10c) 

Jo 

w = wo on X {t = 0} . (7.10d) 

7.1.2. Weak solutions of \7.10{l . We shall need the following 
Lemma 7.3. For u G H'^{Tq) and v G H\To), 

{N ■ Aou){N ■v)dS^- [ dc,u'gfdp{N^v^N') dS . 



Proof. Letting q — det g^, integration by parts using the formula 

0"^5a(05o'^9/3M) = go^[dlf3U - (ro)^;^^^^] 

yields the result for all u G C°°(ro), and hence by approximation for all u G 
H\To). □ 

This allows us to make the following 

Definition 7.1. Let wo G = {w e L^{flo;M.^)\ dWw = 0} . ^ vector 

w G V(T) with wt G L^(0,T; V') is a weak solution of ^7.10}) provided that 

(i) {wt,v) + ^(Def u;,Def i;)i2(no:R9) = {f,v) + {g,v)ro 

BN-vdS-af f dc,w'(s,-)dsgo^ df3{N'v'N')dS Vv G V , 
and 

(ii) w(0, •) = Wo, 

for a.e. < t < T , where (•,•) denotes the duality pairing between H'^{Qq,R^) 
and H^{nQ,R'^y , and (•,-)ro denotes the duality pairing between H^ITq^M.^) and 
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7.1.3. Galerkin approximations. For 

/ e L\0,T;H\no;M.^Y), g G L^{0,T; H~HTo;-R.^)), 
the Riesz representation theorem asserts the existence of 

respectively, such that 

Lemma l4.ll guarantees the existence of a basis {ipk}kLi of ^ which is also an 
orthonormal basis of L^^^ with respect to the L^{flo; R'^) inner-product. Fix m € N, 
and let Wm ■ [0, T] ^ V be given by 



u-™(t,a:) :=^A^(t)^fe(x), (7.11) 

k=l 

where we choose the coefficients Xm{t) for t E [0, T] and fc = 1, to such that 

At(0) = K>fe)L2(no;K3), (7.12) 

and, letting := dtWm, 

+ a{BN,^k)mTom-^ I da f wl,{s,-)dsgfdp{N^{i,kyN')dS. (7.13) 



Proposition 7.1. For each to G N, there exists a unique function Wm of the form 
fTTOp satisfying (71^ ) and {T7^. 

Proof. Assuming Wm has the structure of 17.11|l . we define 

G,fe := (DefVj,Def^fe)i2(n„;R3), H,k '-^ [ d^i^.Y gf dpiN^^uY N') dS. 



Letting 

Fk{t) ■■= if,ipk)HHnom +<^(^^:V'fc|ro)L2(r„;R3) + (5>fc|ro)^i(p^.jj3), 
we write (|7.13|) as 

^l\t) + '^G,kXiM + <^H,k I* \L{r)dr = Fk{t). (7.14) 

Let dl-^{t) ~ /p Xi^{r)dr so that 

d^„(0)=0. (7.15) 

Hence, d-iJ{t) = A^„(t), and we may write (j7.14|l as the second-order ordinary 
differential equation 

dt"{t) + ^^Gk.di'it) + aHkMt) = Fk{t), (7.16) 

subject to the initial conditions H7.12|l and H7.15|l . By the fundamental theorem 
of ordinary differential equations, there exists (for each k ~ 1,...,to,) a unique 
absolutely continuous function d'^{t) satisfying (|7.16() . H7.12|l and (|7.15|l for a.e. 
< t < T, and hence Ajj^(t) satisfying H7.14|l . Thus, defined by (|7.11(l solves 
(rmi for a.e. < t < T. □ 
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7.1.4. Energy estimates. 

Theorem 7.1. There exists a constant C , depending only on VLq and T , such that 



max 

0<t<T 



\\w-m{t)\\LO_,^^.^,.+\\N-'^Q I Wm(s)ds|ii2(r„;i 

Jo 

<(C3 + C(r)) 11/11 + I|B|| 



+ ll'^m|lL2(o,T;ffi(Oo;R3)) 



T;L2(ro;: 



-Il9ll' 



(7.17) 

where C{T) — {C4T + C5r^)e^^"^'^'^^"^ for some constants Cj > 0, 



for m — 1,2, ... 
J = 1,2,3,4,5. 

Proof We multiply fTT^ by X'^{t), sum for k = 1, . . . , to, to find that 
(w^, 'u;,„)l2(o^.r3) + -^(Def mm,Def WTO)L2(Og.R9) = if,w,n)m(no;m + ^9,'w,n) 

BN -WradS-G [ do. I Wm\s, ■)ds gf dfs{N^ wj N') dS (7.18) 
Jto Jo 

for a.e. < t < T. We will make use of Korn's inequality which states that for 
u S i/^(Oo;M'^), there exists a constant C > depending only on fig, such that 



IIVw|li=(Oo;M^) < c 



+ |!Def7.||2 



so that the right-hand-side 



ll"llL2(no;R3) II -^Cl "|li2(nj,.R9) 

defines a norm equivalent to the iJ^(rio,R'^)-norm. For j e N, we will use Cj to 
denote a positive constant which generally only depends on the domain f2o unless 
otherwise specified, and e > will represent a small number. 
Using Young's inequality, for a.e. t € [0,T], 

(/,'"'m)i/i(Oo;K3) = if iWm)L'^{no-X?) + {"^ j f jWm) (Ua-M') 
^ C2(e)||/||^l(f^(j.R3) + e||'i«m||?/i(Oo;R3) 

= C2(e)||/||l/i(n„;R3)/ -I- e||w,„||^i(Oo;R3) 

Similarly for a.e. t e [0,r], 

< C3(e)||5|P 1 +e||wm|P i 

- ^"■^"h2(Oo;R3) " "H2(ro;R3) 

< C3(e)||5ll'^- 1 (j,^.^3^ + e|k™||l^i(Oo;R3) 

where we have used Young's inequality for the second inequality, that i = 

||.g||^^^j^ ^3^, and the trace theorem for the last equality. Also, (SiV, Wm)i2(ro;R3) < 
C3(e)||S||2 2(j,^.jj^ +e|l^""JHi(Oo;R3) ^'^^ ^'^^ < t < T . Since iw'^,w,n)mno-m = 
^^ll'^™lli2(no;R3)' adding i^||w„|||2(no;R3) to both sides of H7.18|l. yields the in- 
equality 
d 



lkm|lL2(f2o;R3) +Cl|k™llfl-i(J2o;R^') - ^2 (e) II /|| ffi (no;R3)' + C3 (e) Hsll ^- i ^^,^.^^3^ 

+ C3(e)||i3|li2(r,;M) + 

C4||Wm||^2(-Qj,.R3-) 



«;™^(s, •)dsgo"'3 dp{N^w^^N') dS . 



(7.19) 
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We now study the last term in this inequahty. Expanding the dp term, and 
integrating by parts yields 



'0 



dS 



Wra\o. (s, ■)dsgf {WwJN'),p dS = -~ 
A^-Vo / w^dr,VoN ■w.n] + (voN ■ f Wmdr,N-VoWr, 

'0 /L2(ro:R2) V Jo / L2(ro;R2) 

+ ( VoA^- / Wmdr,VoN-Wrn] + I A^\a/3 / Wm' drgf W w^' dS 

10 /L2(ro;R2) Jto Jo 

ft 

Q/3 



+ / N\i3 / Wm'drgo'''',^N^w,n'dS, 
Jto Jo 



(7.20) 



where (Vq/, Vo/i)L2(ro;R2) := /^^^ f,ago'^ h,p dS. 

Choosing e sufficiently small and < t < T < T, integrating (|7.19|) from to T, 
and using (|7.2U|) . we obtain the inequality 



ll^«ni(2")|lL2(Oo;R=*) + n 



To 



dS + C5\\Wm\\'^j^2(^Qf.Hli^Q^.R3)) 



< l|Wm(0)||i2(f^^.R3) +C2(e)||/||^2(o,T;Hi(i2o;R3)') 



+ C3(e 



+ C4\\w,n\\l2(^o. 



C3(e)||-B||^2(o,f;L2(ro;i 



2 I „ ,',MI Dl|2 

L2(o,f ;ff"i(ro;R3)) 

-a f (n-\/o [ dr, VoiV • w,n] dt 

Jo \ Jo /L2(ro;R2) 

cr / (\/oN-[ w^dr,N -X/oWm) dt 

/ L2(ro;R2) 



f;L2(ro 



C6 



'0 JFo 



Wra{r)dr 



\Wm\ dS dt, 



where the last term above bounds the last three terms on the right-hand-side of 
equation H7.20|l . By Young's inequality and Korn's inequality, 



cr / [N - Wo w„i dr, WqN ■ w,n ) dt 

Jo \ Jo /L2(ro;R2) 



< C7(e) / / [ N- Vom 
Jo Jto Jo 



i{r)dr 



dS dt -\- e||w„ 



L2(o,f ;Hi(no;R^)) 



(7.21) 
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Next, an integration- by-parts in t yields 



<7 I \VqN ■ I Wmdr,N -VoWrj 











dt 



<-<J I (s/qN -Wrn^N -S/n [ w„rdr] dt 

V Jo /L2(ro;R2) 

+ cr(VoiV-/ w„idr,N-S/n[ w„idr\ 



(7.22) 



The first term on the right-hand-side of H7.22|l is the same as H7.21|l . Young's 
inequality for the second term gives 



a VqN ■ / Wm dr, N -Vo Wm dr 
\ Jo Jo J 



< e 



N ■ VoWmir) dr 



L2(ro;ffi2) 



dS + cs{e) 



I I \w^\^dSdt. (7.23) 

Jo Jto 



By the general trace theorem (see Theorem 5.22 in jlj), there is a constant C 
such that /p^ \'Wm\'^dS < CUVwmllii. 5(0^.^3) ^-^d by the standard interpolation 
inequality, 

II Vu;m|||i.5(n(,;K9) ^ ^ll^^m|li'2(f2o;KO)ll^™lli2(Oo;R=') 

for r + s = 1. Thus, with Young's inequality 



Jr. 



csie) / \wm\'^dSdt<e\\w^\\l^^^ f,jj,^^^,^3^^+cg{e) \\wm(t)\\l2(^n^.Tg,3^ dt. 



(7.24) 



Finally, Jensen's inequality together with Young's inequality and the trace theorem 
provides the inequality 



C6 



"To 



■Wm{r)dr 







\Wr, 



dSdt 



Def w^{r)\'^drdS dt + e||«^™||^2(o,f li/icao^:*)) 



Jo JUo Jo 

<cnf / II Def w™(r)||^i(f^^,.jj9)drdt-f e||w™||2,^^,j,,^^^^^,j^3^^. (7.25) 

*J "0 
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Using Tnr^ . 1(723, (EMI), and (|T^ we arrive at the basic inequality 



k'ni(^)llL2(no;l! 



Cl2 



To 



N ■ VQWm{r)dr 



dS + Ci3\\Wrn\\l2(^Q^f.H^^^. 



L2(0,f ;_H"5(ro 



+ C3||S|li2(o^f;L2(ro;R)) +'^9 / I! ^™ (*) II (Oo;R3) 



+ Cl4 



/O JFo 



N ■ VoWm(r) dr 



^5 (it + ciiT 



^0 



|Wm(r-)||^i(Oo;R3)C^^C^^- 

(7.26) 



Letting 
ym{f) := 



k'm(i)|| 



L2(no;R3) 



+ 



N ■ Vo^m c??" 



dSdt 



(7.27) 



"/•(T) := C2||/|li2(o,f;ffi(Oo;R3)') + C3II5II; 



C3||S||^2(o,f ;L2(r(,;I 



2 I „ ||„||2 

L2(0,f :ff~i(ro;R= 

(7.28) 

we may choose new constants ci, £2, and C3, and write (|7.26|) as the differential 
inequality 

y'rniT) < [C2f + ~CI]VAT) + hc^{f) + 1 1 Z«™ (0) 1 1 i2(j,„ ^r3) 

< [C2f + ci]v„m + 530(T) + |ko|li2(a„;R3). (7.29) 

ft follows that 



VraiT) < Ce^i 



T+C2T^ 



(C3?!)(s) + ||wo||i2(Oo;K3))ds 



< CTe'^^^+'^=^'(530(T) + ||u;o||i2(o„;M3)), 



so that 



1 + (£4r + C5T')e 



2n ciT+C2T^ 



llw^oll 



L2(no;R3) , 



(7.30) 



for < f < T. Since yJ,j(T) implies the left-hand-side of inequality ifTTTji . this 
proves the theorem. □ 

7.1.5. Existence. We first have the following 

Theorem 7.2. For wq e L'^m- there exists a weak solution of j 7. J ^ satisfying 



sup 

0<t<T 



«^WIIi2(ao:R3) + |liV. Vo / w{s)ds\\i2(^ro; 

JO 

< C{T) ||wo||^2(s;2j,.R3) + ||/|li2(o^T;_H"i(J7o;R-'=))' 



+ ll"'llL2(0,T;_f/i(no;B 



+ I|B|| 



L2(0,T;H2 (Eo;! 



Ilffll 



L2(0,T;ff-2 (Fo;! 



(7.31) 
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Proof. Wc first pass to the weak limit as m ^ oo. The a priori bounds H7.17|l show 
that there exists a subsequence {wrm } such that 



w in V(r). 



(7.32) 



Since equation H7.13|l holds for a.e. < t < T, we multiply by a function ^ e 
I?([0,T]), choose a linear combination of {wk}^^i, with p < ni, which we denote 
by and integrate by parts on the time derivative to obtain 



dt 



(7 [ [ BN ■ ^{t)'i'pdSdt 

a„ / wl,^{s,-)dsgfat)MN'i^pyN')dSdt. (7.33) 



Jr, 



From (|7.32l) . we see that the limit w satisfies 



(w', e(t)*p)L2(o„;R3)dt + - / (Def w, C(i) Def *p)L2(n„;R9)di 
^ Jo 





-cr / /" B ■^{t)-9pdSdt 

Jo Jto 

do. f w\s,-)dsgfmMN'{-^pyN')dSdt. 



JFo Jo 



(7.34) 



By density of the ^'p in V, H7.34|l holds for any w e V replacing "ifp. By denseness 
of X>([0,r] ) (g) V in 2.2(0^ r;V), we see that := G 2.2(0, r;V'), and by the 
inequality H7.17|l . w E V(r), so that condition (i) of Definition 17. II is satisfied. 

Let y be given by H7.27|l with w replacing Wm.; we show that y' satisfies (|7.3UII . 
Fix f e [0, T], choose S>0 small, and integrate l(7T7jl from f to f + 5 to find 



T+S 



< 







dt 



T+S 



{(53 + C(T)) 



li2(0,T;Hi(flo:R^)') + ll-^llL2(o,T;L2(ro;R)) 



L2(0,T;H"3(ro:R3)) 



+ (l + C(T))||i«o|li2(f,„^R3)|dt. (7.35) 
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Since Wm w in V(T), by lower semi-continuity of weak convergence, we have 
that 



T+S 



|wW|lL2(i2„;R3) + \\N ■ Vo I U'(s)ds||i2(ro;R2) + ||u'|lL2(o,T;ffl(Oo;R3)) 

rf+S 



dt 



< hminf 

m — »oo 



lkmWllL2(no;K3) + ||iV-Vo / W„ (s)ds|| ^2(ro;R2) 



+ ||Wm||^2(o^T;Hi(r!o;R3)) 



Since for arbitrary S the inequahty Jf^^ifit) — g(t))dt < imphes that f{T) 
g{T) <0; putting together l(73S|l and (|733|) shows that 



(7.36) 



\MT)\\L^(^n„m + 11^ • Vo / w{s)ds\\^2(^ro:m + \Mmo,T:HHno-M^)) 

Jo 

< (C3 4- C{T)) ||/|li2(o_T;ffi(Oo;R3)') + li-^llL2(0,T;L2(ro;R)) 

+ (l + C(r))||wo||i2(o„,R3), (7.37) 



L2(0,T;ff^^(ro 



for aU f e [0, T], which estabUshes (|73T|l . 

Next, we address the issue of the initial condition. From (|7.37|) . there is an 
M > such that 

sup ||w(t)||L2(no;R3) < M, 
te[o,T] 

so for each sequence {tnji^Li with t„ — > as n — s- oo, there is a subsequence {irij} 
such that w{tn^) ^ W in L^{flo;R^) as rij — > cx). Since Wt £ L^{0,T;V'), it follows 
thatu- G C°([0,r];V'), so that (u;(t„J, 7/')v ^ (w(0),'(/')v 

as rtj — > oo for all ^ £ V. 
(•, •)v denotes the duahty pairing between V and V. Thus w(0) = in L^(0o; 

Remark 5. The inequality i7.S0}) shows that 

limsup||w(T)||^2(no;R3) < lko||i2(n„.K3) , 

from which we may infer that w{t) —^ w{0) strongly in L'^{flo;M!^) as t 0. 
To show that w{0) — wq, we first note from H7.34|l . that 



(w,w')L2(0(,;R3)dt + -y (Def w,Def w)L2(f2o;R9)dt = / {f , v) H^no;R^)d't 



BN ■ V dSdt 



"To 



+ / (q.v) 1 , „dt + a 



/ w\s,-)dsg^^d^iN^vm^)dSdt. + {w{0),v{0))mno-; 

"To Jo 



(7.38) 
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for each v € CH[0,T]; V) with ^(r) = 0. Similarly, from ifT:^ we deduce 



+ 1, dt + a / BN-vdSdt 



T 



Jr, 



/ (s, ■)dsgf dp{NH^N') dSdt + {w„,, (0), vm^^^om 



Q/3 

/O JTo 

Using H7.32|l and the fact that ii;„j,(0) tuo in L'^i^o]'^^), we find that 



(w',w')L2(Oo;R3)dt + - y (Def w,Def w)i2(j2„.R3)di = / {f,v)m(no;R^)dt 



+ 1 i~9'^)^hr .«..dt + a / BN-vdSdt 

Jo JFo 



ff2 (ro;K3) 

T 

a/3 



a„ / w\s,-)dsg^''dpiN^v^N'')dSdt+ {wo, v{0))L2(^no:m. 

JTo Jo 

(7.39) 

Since v{0) is arbitrary, comparing 17.38|l with H7.39|l . we conclude that w{Q) ~ wq, 
which verifies condition (ii) of Definition 17. II thus, w is a weak solution. 

7.2. Pressure as a Lagrange multiplier. Let W ^ {tp e if^(fio,K^) | A^-Vq^A G 
L^iTo; and H = {f e L^i^o; M) | J^^ f{x)dx = 0}. 

Lemma 7.4. For all p e H , there exists a constant C > and v € W such that 
div V — p and 

II«I1hM^Jo;K^) + 11^ • ^^^\\h(ro-m ^ C'|b|!i2(j,„^R). (7.40) 

Proof. We let w = V/ and solve - A/ = in f7o with a//a7V = on Fq. Then 
divti = p, and by the standard elliptic estimate ||'f^||/fi(QQ.R3) < ^IIPlli2(j2(, R)- Since 
iV • v = on To, then 

11^ ■ Vow||i2(ro;R2) = ||Vo^ • w||i2(ro;R2) < C'||w||^l(f^„.R3), 

which estabhshes (|7.40|l . □ 

We can now follow ^Hl- Define the linear functional on W by {p,divv)]^2(^Qg.^-j, 
where p £ H . By the Riesz representation theorem, there is a bounded linear 
operator Q : H ^ W such that 

(p,divw)i2(o„.R) = {Qp,v)w, 

where {■,-)w denotes the inner-product on W (the left-hand-side of H7.40|l defines 
the norm on W). Letting v = Qp shows that 

IIQp||v<C|b||L2(no;M) (7.41) 
for some constant C > 0. Using Lemma [7.41 we have the estimate 

\\p\\hin„m = (p,divt;)i2(n„;R3) < C\\Qp\\v\\v\\v < C||Qp||v|bl|L2(Oo;K)- (7-42) 
It follows that 

W = R{Q) ®w V. (7.43) 
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To see this, suppose that v e W R{Q). Then for any p £ H, {Qp,v)w = 
(p, div w)^2(f^Q.R3) = 0, so that divv is a constant, and since w • = on Fq, the 
constant must equal to zero; thus, v G V. FinaUy, by (|7.41|) and (|7.42|) . R{Q) is 
closed in W. □ 



Lemma 7.5. A solution w e V(T) of \7.10{j satisfies for a.e. <t <T, 



{wt,v) + -(Def u',Def u)i2(f2j,.R9) - (p, div 17)^2(^0*) = (/, + (5,''^>ro 



a BN-vdS-a 



r,, ^0 



dc,w\s, ■)ds dp{N^v^N') dS Vt; e W , 



(7.44) 



where p{t, •) G -ff for a.e. < t < T is termed the pressure function, with the energy 
inequality 



sup 

0<t<T 



l|wW||L2(iJ„;R3) + ||A^-Vo / w(s)ds|ji2(r^.R2) 



+ l|w||L2(0,T;ffl(^^o;R'^)) + IIpIIl2(0,T;L2(Oo;B 



< C{T) 



^^0111,2(^^.153) + ll/llL2(Q_y.^i(f2jj.R3y) 



|^||2 

L2([0,T];ff^(ro;l 



1511 



Proof From (TTTUI) and lf73T]| . we first see that Wt G i^(0, T; W)> with 

I ll„l|2 



(7.45) 



|g||2 

L2([0,T];Hi(ro:S 



By the decomposition (|7.43(l . for u G W, we let v — vi + V2, and ui G V and 
1^2 £ R{Q). We define A G W' as the difference of the left- and right-hand-sides of 
condition (i) in Definition l7.1l then A = on V. It follows that 

A(t;) = A(i;2) = (V',W2)w = (V',w)w for V G i?(Q). 

From Lemma [7.41 for a.e. t G [0, T], A(u) = (p, divw)2,2(Qj,.R3), which establishes 
(|7.44|l . and with the estimate 



l|PllL2(flo;K3; 



<c 



\'^t\\\i(no:K?)) + II^IIl2(0, T;W) 



1/11?.= 



(ao;R-')' 



IBII 



which by integration from to T gives (|7.45ll . 



□ 



While we have proven that wt G L^(0,T;V'), we have not shown that w G 
L^(0,T; V), and so we cannot employ the standard methods to prove uniqueness. 
Using the assumptions on our data for the nonlinear problem, however, we have 
additional regularity for wt , and so uniqueness follows from 
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Theorem 7.3. Suppose that 

f e L2(0, T; iJi(no; K'))), 9 & L^O, T; iji(ro; 
/, e L\0,T;H^{no;R')y), gt e L^O,T; H'^ {To;R')), (7.46) 
St e L2(o,T;ff7(ro;R3)) 5(0) = 0, 

and that the initial data wq £ H'^{flo;M.^) n V satisfies the compatibility condition 
[i'Dei{wQ) — (7(0)]tan = 0. Then, there exists a unique solution w in L^(0,T; V) of 
^TWjj such that wt G V(T). 

Proof. Given the regularity assumptions in H7.46|) . compactness implies that 
/ e C(0,T;L2(17o;M3)), g G C{Q,T-m{T^-B?)), 

so that /(O) e L^{nQ]M?) and g{Q) e i/^(ro;M3). Since wq G iJ2(rJo;R3), let 
£ -ff^(Oo;K'^) be the solution of the Dirichlet problem 

-Apo = -div(t/Aiyo + /(0)) in f^o, (7.47a) 
po = [i^Dcf Wo iV - g(0)] • iV on To . (7.47b) 

From our initial compatibility condition (i^Def(wo) — 5(0))tan = 0, we see that 
(|7.47b(l implies 

PoN ^vVieiwo N -g{0) , 
which will be used later in the proof. 
Let Wo e L2(rio;R^) be defined by 

Wo = vAwo - Vpo + /(O) . 

Thanks to H7.47a(l . wq G i^j^,, and standard elliptic estimates for 17.47(1 show that 
there exists a constant C > such that 

INo|li2(no;E3) + \\Po\\m{no;m) 



< C (^||^0||^2(o„;K3) + ||/(0)||i2(n„;R3) + Il5(0)||^i^^^^j^3j . (7.48) 

Now, since wq G i^j^, from Theorem 17. 21 let us define w G V(T) to be a solution of 

(i) {wt,v) + ^(Def w,Def w)i2(f^^.K9) = {Jt,v) + (fft,v)ro 

+ a [ BtN -vdS-a f f d^wHs, ■)ds gf df}{N^v^ N')dS 
Jto Jtq Jo 

+ C7 [ dc^w'o go'^ df){N^v^N')dS Vw e V, a.e. in (0,T), 

J To 

and 

(ii) w{Q, •) = wq, 
with the energy estimate 

li2(no;R3) + 11^-^0 / w^(s)ds|li2(r„;R2) 
Jo 

<C{T) II 

+ 1 + \\gtf 1 + IIVoWolP 1 

(7.49) 



sup 

0<t<T 



W[ 



+ ll''"lli2(0,T;_H"l(no;R3)) 
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Now, let p be given by Lemma 17.51 and let us define 

w{t, x) — wo{x) + / w{s,x)ds , 
Jo 



p{t,x) = po{x) + / p{s,x)ds 



Since Wt = w, we then have Wt(0) = w(0) = wq. We also obviously have w{Q) = 
and p(0) — Pq. Concerning the regularity, we see that w G L'^{0,T;V) (sir 
wt^w e V(T)). 

By Lemma lY. 51 we know that a.e. in (0,r), 

{■wt,v) + ^(Def w;,Def v)l2(j2„.r9) - (p, divt;)i2(Oo;K) = {ft,v) + {gt, v)ro 
+ a f BN-vdS-af f do.w\s,-)ds dp{N^ N') dS 



To Jo 

+ cr [ daw'o gf dp{N^v^N') dS, € W . 
Jfo 

By integrating in time this equality from to t G (0, T), we find that 

{wt -wo,v) + ^(Def(w - wo),Def w)L2(no;RO) - (p - Po, div t;)i2(o^.R) 
= {f-f{0),v) + {g-g{0),v)ro 
+ a [ BN-vdS-a [ [ d„{w'{s,-) - w'o)ds gf df3{N^vm')dS 

JFo JFo jo 

+ at [ d^w'a gf dpiN^v^N') dS, Vw e W , 

J To 

and then using the definitions of wq and pq, we find that 

{t^t,v) + ^(Def u;,Def w)i2(n^.K9) - (p, div u)i2(Q^.R) = {f,v) + {g,v)ro 
+ a f BN-vdS~af f d^w' {s, ■)ds gf dp{N^ N') dS, Vw G W 

JFo JFa Jo 

Consequently, we immediately get that w G L^(0,T; V) satisfies 



(w^tj"") + ^(Defw,Defi;)i2(n„.i{9) = (/,«) + (,g,w)ro /_ BN-vdS 



cr I f dc,w\s,-)dsgf dp{N^v^N')dS, Vw e V , 

To Jo 
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which with the condition w(0) = wq shows that w is a solution of H7.10|l . Further- 
more, Wt £ V(r). From H7.49|l . it is readily seen that 

ft 



sup 

0<t<T 



\wit)\\hino-M 



\N-Vr 



w{s)ds\ 



L2(ro;R2) 



- ll«^tWllL2(f^^.R3 

+ ||A^ • Vot«(i)llL2(rn;R2) + ll^lli2(0,T;_ffi(f2o;R3)) + II li i2(0,T;Hi (Oo;R3)) 
+ l|p|lL2(0,T;L2(no;R)) + \\Pt\\'L^{0,T;L^{flo;R)) 

lko||?f.(^^„;K3) + ||/(0)||i.(o„;M3) + ||g(0)||^ 

+ \\f\\h(O.T;m(no;R^)) + ll/tlli2(0,T;_f/i(^^o;R^)') + "^"co([0,T];ifi(ro;l 



< C{T) 



|o ,12 



L2(0,T;ff7(ro;B 



L2(0,T;ff5(ro;R3)) 



\9t\ 



L2(o,T;H"^(ro;B 



(7.50) 

Now, let us assume that there exists another solution w' to (|7.1U|) . such that 
w' G L^(0, T; V) and £ V(r). By denoting Sw — w — w' , we see that Sw e 
L2(0,T; V) is solution of 

(i) {Swt,v) + -^(Def (5u;, Def ?;)l2(o„.ii9) 



rn "'0 



da6w'{s,-)ds g"^^ dp{N^v^N')ds Vv e V, a.e. in (0,T), 



and 



(ii) Sw{0,-) = 0. 

Since Sw{t-) G V a.e. in (0,T), we can use 6w as a test function in (i), which gives 
a.e. in (0,r) 

{Swt,5w) + ^(Def Sw, Def Sw) l2 (^q^.r9) 

= / / da,Sw'{s,-)ds gf dfsiN^w^ N')dS . 
Since Sw e L^{0,T;V) and Swt G L^{0,T;V'), we have 

Since • Vo(5w; G L^(0, T; £^(ro ; R^) ) and TV • Vo /q G ^^(o, T; L2(ro; M^))^ we 
also have the same relation as (|7.20() . where Sw replaces Wm- In a quite similar 
fashion as we proved (|7.37l) (except that this time there is no limit associated to a 
Galerkin procedure to consider) we can then infer that 



ll'5u'(T')llL2(i2o:R3) + 11^ • Vo / <5w(s)ds||^2(r„:R2) + ||'5w||i2(o,T:Hl(no:R3)) 

JO 

<(l + C(T))||Jz«(0)||i2(^,„^R3), (7.51) 

which, with the condition Sw{0) — 0, precisely proves that Sw = 0, establishing the 
uniqueness of such a solution. 

□ 



Remark 6. We note that the estimate j7.50| ) holds if we replace by . 
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7.3. Regularity of weak solutions on K.-^. We consider the half-space M.^ :— 
{{x^,x^,x^) gM.^ \ > 0} with the usual orthonormal basis (61,62,63). The unit 
normal vector to the horizontal plane {x^ = 0} is iV = (0, 0, 1). 

Definition 7.2. The first-order difference quotient of w of size h at x is given by 

w{x + h) ~ w{x) 



Dhw{x) 



\h\ 



where h is any vector orthogonal to N. The second-order difference quotient of w 
of size h is defined as D^hDhw{x), given explicitly by 

w{x + /i) + w{x — /i) — 2711(2;) 



D-hDhw{x) 



\h? 



Lemma 7.6. Suppose that w £ i^(R' 

l|-D/lW||i2(R3_.R3) < M 

for a constant M and for h = 61, 62, then 

l|V0W||i2(R3_.R6) < M, 

and ||Z3/iw||^2(r3 .^3) < C|| Vow||i2(]{3 .^e) for some constant C. 
(^i) If 

\\D^hDhw\\L2(ji,3^.ji,z) < M 
for a constant M and for h = ei, 62, (ei + 62)/\/2, then 

I|VoVoU'||l2(r3^.r12) < M, 

where Vo = (9i, ^2) is the gradient on y. {x^ — 0} . 

Proof. Part (i) is proved on page 277 of 6 , and part (ii) follows from page 7 of 

m. □ 



On the half-space R'^ , the system of equations (|7.10|l becomes 



wt — vAw = — Vp + / 
div w = 



1/ Def w N - pN = a 



J^Aow^r,-)dr + B^ 



in (0,r) X 
in (0, T) X 



on (0, T) X 



(7.52a) 
(7.52b) 

(7.52c) 



W = Wq 



on R^ X = 0} . (7.52d) 

For the remainder of this section, we replace Hq with Ri^, and Tq with R^ x {x^ = 0}, 
in the definitions of our function spaces, and we use (•,-)ro to denote the duality 
pairing between i72(R2;R3) and its dual space iJ 2(M-;R'^). 

Theorem 7.4 (Regularity on R^). If w e V{T) is a weak solution of i7.5S)) , 
satisfying the estimate ^7.50}) , the weak formulation 



(wt,w)L2(R3 .R3) + -(Def ■u;,Def u)i2(R3^.] 



o{l yQW^{r)dr , VovA VweV, (7.53) 

V-'O /L2(R2;R2) 
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as well as the initial condition w(0, ■) — Wo and the compatibility condition 

[l/Def Wo iV]tan = 5(0; Otan, 

and if 



B e CO([0,T];iJ^(R2^M)), Bt G 2.2(0, T; (m2, R)) , 
and -B(0, •) = 0, t/ien w G KfivC^)^ P G '^'^{T), and we have the following estimate: 

lkllL2(0,T;ff3(K3.K3)) + \\N-AoJ^ "'(^)'^*llc0([0.T];H^(R2;R)) + blli^(0,T;//2(R3 
+ llw'tlli^jo^TjffMRS ;R3)) + ||A^ • '^ow\\^2(^o,T-Mi{mm) ~^ ll^^*lli'(0,T;L2(R^;R)) 



llVwtll 



L2(0,T;ff"5(R2;R9)) 



< C (^||W0||h2(R3_;R3) + II/(0)||h2(r3 + ||.9(0)||^4 



+ 11/11 L2(0,T;_f/l(R3 ;R3)) + \\ft\\ 



+ \\Bt 



Il5ll 



\\B\\ 



C0([0,T];if5(R2; 



L2(o,T;_H"^ 



(7.54) 



Proof. We will use the superposition principle, first establishing the result by keep- 
ing the data /, g, and wq, and setting _B = in the first step, and then keeping B 
and setting f — g = wq = in the second step. In the third step of the proof, we 
shall establish the necessary boundary regularity for the Wt and pt- 

1. We first consider the case that B = 0. From the estimate (I7.50f) . we see that 
for a.e. <t <T, w{t) e V. We set v = D^hDhw for h = d, 62 in l(735)l . Since 
for/i,/2eL2(M^;M3), 



fi{x) ■ D_hDhf2{x)dx 



Dhfi{x) ■ Dhf2{x)dx, 



we see that for e > 0, 

ll^/>^«lli2(R3.R3) 



t 2 

3/ 



i?/«Vo / W\r)dr 



-\\Dh Defu;ii2 



= (/, ^-/i^/iW^)l2(R3^;R3) + {Dhg, DhW) L2(R2.J^31 

< ^^(£)ll/lli2(R3_;R3) + ephVow||i2(R3^^R6) + C (e) 1 1 1 1 ^_ 
+ ephW'll' 



< C 



llffi! 



ff5(R2;B 



e|l-D/lV0W|li2(R3^.R6) 



(7.55) 



+ e|l^/iDcfw||2,(jj3.jj9^ +e||i:',»w|||2(R3.R3) , 

where we have used Lemma |7.6I and the trace theorem for the last inequality. We 
choose e > sufficiently small, define 



y{t) \\Dhw{t)\\l2^^, J 



t 2 

3/ 



i^hVo / W\r)dr 
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and 

SO that for some constant c > 0, we may reexpress (|7.55|) as y'(t) — cy{t) < F{t). 
Gronwall's inequality then shows that for all < T < T, y{f) < e^'^y{0) + 
/o^e'=(^-*)F(t)dt. Since y{0) = ||-D/t'u;o|||2(R3^.R3) < Clj Vou;o||^2(k3_.k6), we see that 

^SUP_^||A»w(0|li2(R3_.R3) < C(T) (||Vo«;o|li2(R3^.R6) + ll/lli2(o,T;L2(R3.R3)) 

" "L2(o,T;//2 (B2;K3)) J ^ ' ' 

where C{T) +00 as T ^ +00. Integrating (|7.55|) from to T, and using Korn's 
inequality, we find that 

\\Dh'^w\\l2^0,T;L^Rl;R^)) < *(^)' 

possibly readjusting C{T) if necessary. By Lemma 17.61 

||VoV«;||i2(o,j,^i2(R3 ^Ri«)) < $(r) . (7.56) 

We next establish a similar bound for d^d^w"' . Since divw = 0, d^d^w^ = 
—didsw^ — d2d3W^, so that by H7.56|l . 

l|Au''|li2(o,T;L2(K3;K)) <<i>(T). (7.57) 

Since dsp = wf - i^Aw^ - f, then dsp E L'^{Q,T; L'^{Rl;R)) and satisfies the 
bound 

\\(^3P\\h{0,T-L^Rl;M)) ^ *(^) + ll'^«lli2(0,T;L2(R3^:R3)) ■ (7.58) 

Using Lemma [V. 51 we see that on M.^, w satisfies 
(wt,w)i2(R3^.R3) + ■^(Defw,Def u)i2(R3^.R9) - (p, div w)i2(R3^.R) 

= (/, v) + {g, v)ro -<j{ [ Vow\r)dr , VqvA V« G W . (7.59) 

\"'0 /L2(R2.R2) 

Since the test function v need not satisfy the divergence- free constraint, the idea 
is to take v = {dip, d2P, 0) as the test function. Formally, at least, for this choice 
of V, the boundary term in (|7.59|) disappears, and the bound (|7.58l) for daP can be 
obtained. Since we a priori do not know that daP G W, we must use a mollification 
process. 

For each X3 > and < e < e, let {xi,X2) '-^ p'^{xi,X2,X3) denote a family 
of Friedrichs moUifiers on x {x^}. It is standard that the p'^ satisfy da{p'^ * 
p) = daP" *p ^ p" * daP, and that J^s (/)(p' * g)dx = J^s {p" * f){g)dx for aU 

/,.9e L2(K-|;M). 
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For our test function v in (|7.59|) . we set = p'^ * 9a (p' *p) and v'^ = 0, so that 
V eW. Let P := p'' * p, and p'' * w. Then H7.59|l becomes 

ll^a^lli=(R3.R) / [2iW'',0+WP,c.)P,o.p+{W'',3+W^a.)P,c.3]dx 

+ {P" * /" - W",P,a )l2(R3^;R3) + (P*" * g°',P,a )l2(R2:R3) 



+ 

We use Young's inequahty (and the trace theorem for the last term), and then 
integrate from to T to find 

where we have used (|7.56ll . (|7.57() . and (|7.58() . Using the fact that 

ll^«lli2(0,T;L2(R3_.R3)) < ll^«t|lL2(0,T;L2(R3_.R3)) 

and choosing e > sufficiently small, we see that 

for some constant C. Thus, da{p' * p) ^ ipa in L'^{0,T; L'^{Rl;R)) as e ^ 0. 
Choose i/j e r'(IRi^,R) with supp(V') = K. Then for each a = 1,2 



daip"^ * ip) P dxdt / / ifai^dxdt 
Jq JrI 

as e ^ 0. For each x^ £ K, p'^ * daflj{-,x^) daip{-,x^) a.e., and 

IIP^ * a;^)||ioo(R2x{a;3};R) < |lp'||Li(R2x{a;3};R)||9a'(/'(-, a;^ ) || ^oo (r2 x {a;3 };R) , 

so that 

Hp' * '9aV'llL~(R3;R) < C 

for some constant C > 0, which follows since the intersection of K with the x'^-axis 
is compact. 

Thus, for some limit point ^" e p^ * 9„V in L2(M;5_;M) and by 

the a.e. convergence, = dai^ in ; M) , so that 

/ (po.ipdxdt = — / / pda'4'dxdt. 

By lower semi-continuity of weak convergence of the mollification, it follows that 

ll^aPllL2(0,T;L2(R3^;R3)) < C" ('^'(T") + l|wt||^2(o_T;L2(R3_;R3))) ■ 

Combining this with H7.58|l . we obtain 

II^Plli2(0^T;L2(R3^;R3)) < C {^^{T) + ||Wt|||2(0^T;L2(R3^;R3))) ■ (7.60) 

Since 1^838310" = -i^dpdpw" - +wf +daP, dsdsw"" e L^{0,T; L^(Rl;M.^)) 
and is bounded by the right-hand-side of H7.60|l . We obtain the estimate 

II^IIl2(0,T;H2(r3_.r3)) + ||P|L2(0^T;//1(R+;R)) - ^ (*^(^) + ll'"^tlli2(0,T;L2(R3_.R3))) ■ 

(7.61) 
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Next, we set v = D^hDhD^hDhW for h = 61,62,^^^^ in H7.53|l . Just as we 
obtained the inequality l|7.55|l . wc find that 

a 



D-hDh^o [ w^r)dr 
Jo 

+ ^||i?_,A.Def z.||i.(„3 < C (||/||?,.(K3 ^„3) + llffll^(«.^3)) 



-e\\D.hDhVow\\l,, 



e\\D_hDh Def w||^2(r3 .r9) + e\\D_hDhw\\l2 



The identical argument leading to (|7.56|l gives 



|VoVoVu;|1^2(o,T;L2(R3_.R36)) < (T) 



(7.62) 
(7.63) 



where 



*(T) := CiT) (^||VoVou;o||i.(R3^;R,.) + \\f\\mo,T;miMim) + ^^sKno^T^HhR^-m) 

(7.64) 

and C(T) +00 as T ^ +00. Since, \\dadpdjw'^\\]^2(^Q rp.i^2(^3^.jg^^^ < ^'(r), then 
Wdadsdsw^W i^2(^Q rp.j^2(jg3 .R-,) < 5'(r) using that divw = 0. It follows that 



l!5aAu;3||i2(o,T;L2(R3 .R)) < *(r), 
and since dad^p — —daWf + daf + QqAui^, we see that 

Setting v" = —p^ * dad^d^{p'^ * p) in H7.59|l we find that 



(7.65) 



+ (C^7(P^ * /" - W"), P^aj )l2(R3 ;R) - (P^ * 5":a7 , ^",7 )l2(r2.r) . 

(7.66) 

Integrating from to T, using Young's inequality and the trace theorem, and 
passing to the limit as e ^ 0, the estimate (|7.65|) gives 

(7.67) 



||9qVp||^2(0,T;L2(R3 .R3)) < C [^(T) + ||w;t|lL2(0,T;Hl(R3 ;R3)) 



2 

332 



Since vdids.dzw^ — —i^did^d^w^ — dif^ + diW^ + dipp, and ^'^,333 — —wl^i — W; 
from the divergence-free condition, we find that 

ll^«llL2(0,T;ff3(R3 ;R3)) + IIpIIl2(0,T;H2(r3^.r)) < C (^*(r) + ||u'Ji2(o^T;_f/l(R3^:R3)) 

(7.68) 

2. Next, we keep B and set / = g = u>o = 0. We first assume the following 
regularity for B: 

B e C°{[0,T];L^{Rl;R)) , Bt € L^iO,T; L^{RI;R)) . (7.69) 

During the course of the proof of Theorem 17.31 we proved that Wt{0) = wq, with 
Wo satisfying H7.48p . Thus, Wt{0) = with our present choice of initial data and 
forcings. 
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We consider the weak formulation for the time derivative Wt given by 

(wtt, i;)i2(K3 .jjs) + -(Defwt,Def u)L2(ji.3.R9) = cr / Btv^dS-a daW^daV^ dS , 

(7.70) 

for all ve L'^{0,T;V). We set v = D^hDhW in (17701) and integrate from to T 
for < T < T to find that 



^\\DhDeiw{f)\\l,.^s.^.)+a I I \D,,\/ow^\^ dS dt 



< (u;f(r), u;(r))i2(R3.R3) +C(e) / ||St|j^2(R2^R3)dt 

Jo 

+ e [ [ \D^hDhwYdSdt. 
Jo JFo 

In order to employ Korn's inequality we add j\\Dhw{f)\\'^^2i^^3 .]{3) to both sides of 
the above inequality. We find that with e > taken sufficiently small, 

ll^'l^«(2')||^l(R3^;R3) +^ l^/lVolW^PdS'di < C(^||BJ^2(0,T;L2(R2;K)) 

We need to estimate ||i(;(T')||^i^jg3 .^^3^. Letting v = D^uDhW in H7.53|l . integrating 
from to r, and using Young's inequality, we find that 

P/.^«(r)||i2(R3.R3)+fT^ 1^ DhVow''dt\^ds 

< ^l|5t|li^(0,T;L2(R^;R)) + f ^ ^ \ j ^ D OW^ ds\'' dS dt 



CWI|S(r)|li2(K2^R)+e I DH^,w'dt\'dS. 



T 

,3 jj-12 , 



Thus, for e > sufficiently small, 

/ I ( DhVow^dt\^dS 
Jr„ Jo 



<C \ i?/.Vo^^^ds|^d5dt + C(|lSt||i2(o,T;L2(R-R)) + |lS(r)||i2(R2;K)). 

Jfo Jo 

Gronwall's inequality yields the bound 

D^^ow' dt\' dS < C(l + Te^) (||i?t|lL(o,T;L=(R-R)) + mf )\\ 

\\D,MT)\\l^Ml-M^) < C{T) [\m L2(0,T;L2(R2;R)) 



To Jo 
so that 
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where C{T) +00 as T ^ +00. Substituting this into (|7.71|) and taking the sup 
over < T < T, we find that 

sup ||VoW(t)|l^l/R3 + I|w^IIl2(0.T;H2(r2.r)) 

0<t<T +' ' ^ ■ \ . JJ 

< C* (||-B|||2(o^T;L2(E2^R)) + 11-^*1112(0, T;L2(R2 R)) + |!w't|lioo(o,T;L2(R3,R3))) 

^ ^||-B||^0([0^T];L2(R2_R)) + ||i3t||^2(o^T;L2(E2^R))) , (7.72) 

where we used (|7.50|) for the second inequahty, with JIq replaced by R'^ and Tq 
replaced by M^. 

Having established (|7.72|) under the assumptions H7.69(l . we next assume that 
B e C"{[0,T];H\rI;R)) , Bt e L^{0,T; H\rI;R)) . (7.73) 
We take v = D-hDhWt in 17.70|l and obtain 

^\\DhWt\\l2l^^3^.^3) + C||i?/,Wt||^l(R3 .R3) + Cr^||L'/jVoW^|!i2(R2.R2) 

= "^iDhBt, DhWt)L2(^2.^-^ + 2j/||L)/iU;t||^2(R3^.R3) 

< C'(e)||Bt||^i(R2.R) + e||-D/iWt||^i(R3_.R3) + 2i/||w;t|1^2(R3_.R3) , 

where we have used Young's inequality, the trace theorem and Lemma 17.61 for the 
last inequality, as well as Korn's inequality for the first line. Choosing e > 
sufficiently small, and integrating from to T, for < T < T, we have that 

||£';jU;t(r)||^2(R3^.R3) + 2||AlWt|||2(0,T;/f-l(R3^;R3)) + 1 1 -Dft Vq (T") 1 1 ^2 (R2 .R2 ) 
< (^||S||^0([o,T];L2(R2,R)) + l|-St|li2(o^T;L2(R2,R))) , 

where we have again used H7.5(J|I to bound ||w(||^2(o t l2(r3 •r3))- From Lemma lY. 61 
it follows that 

^SUP_^||VoWt||^2(R3^.R6) + l|V0Wt||^2(0,T;ffl(R3^;R6)) 

< C* (^||S|lcO([0,T];L2(R2 R)) + l|-Bt||^2(o,T;L2(R2_R))^ . (7.74) 

Next, letting v = D^hDhD^hDhW in H7.70|l . we get 

{DhWtt,DhD-hDhw)L2f^^3^.^3) + i/^||L»_hL»,iDef w|||2(R3^.R9) 

+ (7\\D^hDh^ow^\\\2(^^2.f>2) = {DhBt, DhD^hDhW^)L2(j^2.R) 
< C(e)||Bt||^i(R2.R) + e||L'_;,.L'/iVow^||i2(R2.R2) , 
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where we have used Young's inequaUty and Lemma 17.61 to obtain the incquahty. 
Choosing e > sufficiently small and integrating from to T we get 



■ C'l|-S*llL2(0,T;ffl(R2;R)) + f^l|-D-/l-D/lW(T)|||2(R3 .Ji3) 



2 

< 2ll-^''^*lli2(0,T;Hi(R3_:R3)) + C'(e)ll^0Wt(r)||^2(R3_.ji6) 

C||-S*llL2(0,T;ffl(R2;R)) + e||£'-/i-Dh«^(T)||^i(jj3 .R3) + l'\\D^hDhW{T)\\l2(^K_3 



Choosing e > sufficiently small, using H7.74|l . and Lcmma lY.til we find that 

ll^^lli2(0,T;H3(R2 R)) < C* (||S||po([o,T]:L2(R2 R)) + ||St|||2(o^T;Hi(R2,R))) • (7-75) 

Interpolating between H7.72|l and (|7.75() we have that 

ll"^^lli2(0,T;ff2.5(R2_R)) ^ ^ (^II^IICO([0,T];L2(R2,R)) + ,^^^1 ^^^^^^^^ . (7.76) 

Having established the estimate (I7.76|) , we now return to the original assumptions 
of the theorem on B so that 

B e C°{[0,T];H^R'^-R)) , Bt £ L^{0,T; H^R^;R)) . 

Equations H7.52a|l and H7.52c|l take the form 

wt - i^Aw = -Vp in (0, T) X , (7.77a) 

daw" = -daw^ on (0, T) x , (7.77b) 

2iyd3W^ -p^ a (^J^ Aow^{r)dr + B^ on{0,T)xM.^. (7.77c) 

Taking the L inner- product of l|7.77a|l with v e L'^{0, T; V) we find that 

(wt,w)L2(R3 .K3) +iy(yw,Vv)L2(R3 R9) = / [lydsw'v' -pv^] dS 



[ [-i^do,w^v°' + {2i^d3w^ -p)v^)dS, 



To 

where we have used ()7.77b|l for the second equality. Setting v — D-hDhD-hDhW, 
1 d 



= - [ D^hDhw'^,o,D^hDhw''dS+ I Dhi2iyw\3-p)DhD^hDhW^dS. 

Using Korn's inequality and integrating from to T, we have that 

rT r 

„3 



/ / D^hDhW^,a, D^hDhw'^dSdt 



'0 



J J Dhiw^,3~p)DhD_hDhW^dSdt + v\\D^hDhw\\l2^Q^T-L^{Rl- 
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We look at the right-hand-side term by term. First, j/||L)_;j-C'hw||^2(o t-l2(r3 -r^)) 
is bounded by H7.72|l : second, 
rT I- 

D^hDhw\c. D^hDhw'^ dSdt 

To 

J 

- V /II \\L (0,r,H (K ,K)) II n 1 1 i2(o,T;H^ (R2 ;R)) 

< C (^||B|lcO([0,T];L2(R2,R)) + H H i2(o,T;i/i (I 
+ ^\\D-hDhw\\l2 (^QT-H^ {S.l-M'^)) ' 

where we have used the duahty for the first inequahty, the fact that || Ag (•)lli2(R2.R) 

defines an equivalent norm on iJ ^ (M^; K.) for the second inequality. Young's inequal- 
ity for the third inequality, and the trace theorem together with the estimate (|7.76|) 
for the last inequality. 

Finally, using the identical arguments, we find that 

/ / Dh{2iyw\3-p)DhD^hDhW^dSdt 

^/"|l^''^-"-^"-'llH-i(R^«ll^'^(2.^''3-p)||^.(,.„^rfi 

< C'(e)||w^|||2(o^T;H2.5(R2.ji)) -1- e\\da2l^d3W^ - 9qP)||^2(o^T;H1(R3^;R)) • 

Thus, choosing e > sufficiently small, combining the previous estimates, and 
using the fact that for some C > 0, 

||9Q2iy93W;^-3Qp|||2(o,T;ffi(K+;K)) - ^ (ll^llL2(0,T;ff3(R3 ;R3)) + l|p|lL2(o,T;_f/2(R3^.]B 

we see that for some (possibly readjusted) e > 0, and using Lemma l7.6l 

||VoVow||^2(o_T;_f/i(Ri;K")) - ^ (^ll^llcn([0,T];L2(R2^R)) -f- ll-^tH^^^^ T-Hh{ 

+ e (ll^lli2(0,T;H3(R3^.R3)) + l|p|lL2(o_T;ff2(R3 .R))) • 

(7.78) 

Let S(r) equal the right-hand-side of H7.78|l . Since d-id^daW^ = —didad^w^ — 
d2dad3w'^, we see that 



|9qAw^|||2(q y.i2(R3^.R-,) < ^(T); 



hence, from (|7.77a|l . 



C^at^3PllL2(o^T;L2(R3^.R)) < c(^(r) + || || ^2(o,T;_f/i (R3_:R3)) ) - C'-(T) , 
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where we used (l7.5Uf) for the second inequaUty. From H7.77a|l . we see that I'dsdsdsw" = 
dzwf — i^^sAoui" + dzdaP, so that 

Next, setting / = g = in H7.66(l and again using the estimate l|7.5()|l we see that 



Since vdid^d^iwl^ = -i^did^d^w^ + diw'^ +didpp, and 10^,333 = -^^,332, we 

see that 

II"'IIl2(0,T;H3(R3_;R3)) + \\p\\ L^{0,T-m(Ml;M)) < CE{T) . 

Choosing e > sufficiently small in H7.78|l we obtain the estimate 

ll^llL2(o,T;ff3(H3 ;K3)) + \\P\\ L^{0,T:H-^Rl:M)) 

< C (^||i?||^o([o.T];L^(R2.E)) + ll^*lll2(o^T;ff^(R^R))) ' ^^'^^^ 

Combining ITSOJ) , (|723 , ifT^ . and lf77^ . it follows that 

ll^lli2(0,T;H3(R3_.R3)) + ll^"t|lL2(0,T;Hl(R:^:R3)) + IIPlli2(0,T;ff2(R3 .r)) 

+ IIPtlli2(o,T: 

< C{T) 



+ ll/(0)lli^(R3;K3) + ||g(0)| 



V /,,I.-^JK:^;K■'J n^. '"ift(R2;R3) 

i2(0,T;ifi(f^o;R^)) + ll/*llL2(0.T;Hi(f2o;R3)') + ll-^llco([0,T];ifi (ro;B 



where C(T) stays bounded as T ^ 0. 
3. We next want to prove that 

Vwt G L2(0,r;iJ^3(M2;R9)), g 2.2(0, r;iJ~^(R2;R)) 

with the required bounds. Let (j) £ (R^; R) and for a ~ 1,2 consider the duality 
pairing 

pT i-T 

{daWt,(j))rodt = - {wt,da(f>)rodt 



< \\wt\\^ 1 I|5a0f 

~ " "L2(0,T;H7(R2;R3))" ^"L2(o_T;H"3(R2:R)) 

where we have used the trace theorem for the last inequality. Thus, 

"^"^*llL2(0,T;//-i(R-R3)) < ll^*lli^(0,T;«HM^;M^)) • (7-80) 

Using the divergence-free condition d^w^ — —diwl ~ d2W^, we see that 



"^3'"*"l2(o,T;i/-^(R2;R)) - ll«^*lli=(0,T;ffl(R3^;B 

,./3 



as well. It remains to verify this bound for d^Wi for P ~ 1,2. This follows from 
the fact that 

dsw^t = -dfjwf + .gf 
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SO that 

"^'"*"I=(0,T;if-i(B-M^)) - ll^*lli^(0,T;ifi(K^;K3)) + ll5tll'.(o^^.^-i(K2.K3)) • (7-81) 

Differentiating H7.77cl) with respect to t, we see that on the boundary x {x^ = 0}, 

pt = 2iyd3wl - aAow^ - Bt , 

so that using the estimate ()7.76(l we have verified the estimate ()7.54(l . and have 
thus concluded the proof of the theorem. □ 

7.4. Regularity of weak solutions on rig. For the remainder of the paper, we 
shall make use of the Gagliardo-Nirenberg inequality ([7]): Suppose 

1 i /I m\ ,^ , 1 

- = -+ a +(l-a)- 

p n \r n J q 

where i/m < a < 1 (if m — i — n/r is an integer > I, only a < I is allowed). Then 
for f -.ric M" ^ R*^, 

WD'fWLPin-M") < C'll-D'"/llL'-(fi;R'»)ll/llL9(n;R'=) • (7.82) 
For an open subset U, V in R'^ , we write 

U ccV 

it U C U C V and U is compact. 

We shall need the following function spaces for the remainder of the paper. 

Definition 7.3. Let 

XT^{{u,p)eV^T)xV^{T) I 

iVut,pt) e L2(0,T;i/-5(M2.K9)) ^ L^{0,T; H-^R^;R))} , 

endowed with its natural Hilhert norm 

\\{'^iP)\\'xt =ll"lli2(0,T;H3(R3 .r3)) + lkt|lL2(0,T;Hi(Rl;K^)) 



+ IIpIIl2(0,T;H2(r3 .R)) + \\pt 



2 

2 



and let 

Yt^{{u,p)^V\T)xV\T)\ 

(uupt) e L\0,T;H\Rl;W')) x L\0,T; L\rI;R^)) 
(yut.pt) e L2(0,T;ff-^(R2;R9)) x L\0,T; H'-^ (R'-^R))} , 
endowed with its natural Hilhert norm 

\\{U,P)\\% =ll"lli2(0,T;H2(R3 .R3)) + ll^^t|li2(0,T;Hl(K3 .R3)) 



^ ""'"^ J3_.R3)) + ll^tll^:^^^^ ^^^^^ 



IVutiP 1 +l|Pt|P 1 

L2(0,T;H"2 (R2;R9)) " L'^(0,T;H-2[ 
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Theorem 7.5 (Regularity on Qq). Let the data satisfy 

feV^T), gei2(o^y.^i(r„,K3)), gt e l^{o,T;H-Hto,] 

B e C°{[Q,T];H^To,m), Bt G L\0,T; hHToM) , 
and B{0, ■) = 0, 

5(0, -^ = 0, (7.83) 
and let Wq G -ff^(r2o, H^"^) H V satisfy the associated compatibility condition 

(Def (z«o) iV)tan - onTo. (7.84) 

Then the unique weak solution w to ^7.10^ satisfying the estimate j7.50| ) has the 
regularity w G Kiiv(^); P € V'^{T), with the following estimate: 



+ \\wt\\mo.T;m{no;M3)) + \\N ■ '^0«^||^2(o.T:H3(ro:R)) ^ 11^* II i"(0,T;L2(no;R)) 

+ ll'^^*llL2(o,T;H"i(ro;R9)) ~^ ll^*llL2(0,T;H"i(ro;R)) 

< C(r)(^||wo||_H-2(f^g.R3-, + ||/j|L2(0,T;Hi(i2o;R3)) + II /t II L2(0,T;Hi (i2o;R3)') 
+ 11/(0, •)IIl2(0„;R.^) + ll^llco([o,T];H^(ro;R)) + "^*"l2(0,T;H^ (Fo*)) 
+ Il5(0, Oll^i^p^.jjs) + ll-9llL2(0.T;ffi(ro:R3)) ~^ ll^*llL2(0.T:H"5(ro;R3)) 

(7.85) 

where C{T) remains bounded as T ^ 0. 

Proof. 1. Interior regularity. Choose an open set U CC fto and an open set W 
such that U CC W CC flo- Let ^ be a smooth cutoff function satisfying 

C = 1 on U, ( = on - W, 

< C < 1- 

Let w denote the weak solution of (|7.1U|) . and set 

X = C'^«, O^^P (7.86) 

Then % is a solution of 

xt - i^Ax + ve^ cV - 6K^Vw • vc - 3j/ [2CI vcI^ + C^AC] w + ac^vcp 

in (0,r) X Qo, (7.87a) 

div X = 3C^ VC • w on (0, T) x Qq , (7.87b) 

X = C^wo on f7o X {< = 0} . (7.87c) 

It follows that H7.87|) is an initial-boundary value problem on (0, T] x W with 
boundary value x = on [0, T] x dW. This is the classical Stokes problem for (x, 0) 
with Dirichlet boundary conditions, and is well-known to have regularity properties. 
We bootstrap applying a new cut-off function whose support is contained strictly 
inside the support of (. Since initially, w G L'^{0,T; H^{^lo;M.^)), we find that 
X G L2(0,T;i?2(f]g.]R3)) so that by ifT^ . w G L^{0,T; H^{no;R^)); this in turn, 
shows that x S L^(0, T; i?^(r2o; R^)) and satisfies the estimate (|7.54f) with all of the 
boundary terms set to zero. 

2: Boundary regularity. We will localize our analysis by employing a partition of 
unity which is subordinate to a specific collection of coordinate neighborhoods. We 
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begin the analysis by constructing one such coordinate patch for a neighborhood 
of the boundary Fq := dflo. 

Definition 7.4 (Exponential map). For x' € and r > 0, let D{0, r) denote the 
open disc of radius r in centered at x. With the induced metric go, the pair 
(To, go) is a compact, smooth, Riemannian manifold. For xo € Fq, we denote the 
exponential map 

exp^^ :£>(0,r) cT^^ro^ro 

by exp^^{v) = 'y{l,xo,v), where j{l,xo,v) is the time one geodesic eminating from 
xq e To with velocity vector t; e . 

Using this definition, we can cover dilo with finitely many normal or geodesic 
balls which are images of D[0, r) under the exponential map. In particular, for 
Xq gTo, we set 

V{xo,r) :=exp,^(D(0,r)), 

where r > is taken small enough to ensure that exp^.^^ : D{0,r) — > 'D(a;o,r) is a 
smooth diffeomorphism, and that 

N{x') I N{xo) yx' e V{xo,r). (7.88) 

Next, with B{0, r) denoting the open ball in M.^ of radius r, let 

S+(0,r) := {x e B{0,r) \x^ > 0} 

denote the upper hemisphere. 

Definition 7.5 (Coordinate map). With x' = {x^,x'^) and x = {x',x^), let $ : 
i?+(0,r) be given by 

^x',x^) = exp^^ix') + x^N{exp^^{x')). 

Definition 7.6 (Coordinate neighborhood). Let 

U{xo,r) :=$(B+(0,r)) 

denote the local coordinate neighborhood of the boundary point xo € Fq. We let 
{x^,x^,x^) := ($^,$^,$^) represent the coordinates on U{xo,r). 

Since exp^^^ (0) = xo and V exp^^^ (0) = Id, we can immediately record the follow- 
ing 

Lemma 7.7. $(0) = xq and V$(0,0) = Id. Furthermore, for x G U{xo,r), 

DetV$(a;) = Det Vexp^jj(a;). (7.89) 

Let us use i' as our Cartesian coordinates on flo', we now localize the problem 
to U{xo,r). Let C be a smooth cutoff function satisying 

r C^l on U{xo,^), ( = onU{xo,^r, 

1 o<c< 1. 
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With w{x) denoting the solution of (|7.1U|) . and once again setting x — (^w and 
9 = C^p as in (|7.86|l . we see that the pair {x{t,x),9{t,x)) solves 

Xt - J^Ax + V6I = 5^(C, w, Vw) in (0,T) X [/(a;o,r-), (7.90a) 

divx = 2l(C,w;) in (0,r) X [/(xo,r), (7.90b) 



= cr<B(C, w, Vow)N'' + & on (0, T) x dU{xo, r) , 

(7.90c) 

X = (^wo on U{xa,r) x {t = 0} , (7.90d) 

where 

ric, w, \7w) = c'r - KH,^p+ ^[6cc,j- + KH,n + sc'c, w\, ] 

(7.91a) 

^(CH^SC^Cfc)^'' (7.91b) 



-KH^o)l0Cn^'\dr + C'B (7.91c) 

®XC,w) ^CV + SK'Kw"^) C,.+(VC-A^) (7.91d) 

and where we continue to use the notation go and Tq to denote the metric and 
connection on Tq, respectively, at time t = when ?7(0, •) = Id (see (|3.4|l '). The 
problem H7.90|l is localized to U{xo,r). 

We next transfer the problem (|7.90|) from {U{xo,r), {x}) to {B+{0, r), {x*}). We 

set 

W{t,x)^x{t,i), Q{t,x)^e{t,i), 

where x = ^{x). With 

A(x) = [V$(a;)]-i Va;eS+(0,r), 
Aix') = [Vexp,„(a;')]-' V e i?(0,r), 

the pair {W{t, x), Q{t, x)) satisfies, in the weak sense, the following system of equa- 
tions: 

Wi - vAl{AlW\r ),s +A\, Q,k^ y (<&) in (0, T) x i?+(0, r) , 

(7.92a) 

Ai W ,j = a($) on (0, T) X (0, r) , 

(7.92b) 

WiW^rA^: + W^,rA'-)N,{<^) - QN^m \A eal 

^aN^m-'iggf /V^^ (r) dr^^],, iV,($) 
Jo 

+a[Q3Af']($) + «'($) on (0, T) x dB+{0,r) , 

(7.92c) 

W^C^wo{<^) onB+{0,r)x {t^O}, 

(7.92d) 
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where q = det{go). Our notation /($) denotes /(t, We have made use of 

H7.89|l to remove the Jacobian factors in the boundary condition 17.92c|) . Note that 

Ni^Xo)) = 63. 

Remark 7. Since C has compact support in i?"'"(0,r), and since the forcing func- 
tions in ^7.9S\ ) vanish on the complement of B^{0,r), we can extend W and Q to 
the entire half-space M.'^, and consider j 7. as a system of PDE on [0, T] x Rj^. 

The next step is to show that there exists a unique solution in Xt to (|7.92(l (after 
first proving that it belongs to Yt). Since it is readily seen that the existence and 
uniqueness of a weak solution to (|7.92|) , extended to M'^ , can be established exactly 
in the same fashion as we established Theorem 17.31 our weak solution iW.Q) will 
thus be in Xt: which will establish the desired result. 

We initiate an iteration sequence starting with (uo,go), where — Q and vq is 
the solution of the parabolic problem 

dtVQ - vl\vo ^ in (0, T) x , (7.93a) 
vo ^ JC^~woW) on X {< = 0} , (7.93b) 



where (C'^ wo)($) denotes an if^-extension of {C,^ wo){^) to M'^. We set the problem 
on so as to avoid any compatibility condition at time t — 0. 

By using the same techniques on this problem as we developed in the previous 
section (which is easier since the problem is set on the full space R^), we find that 

\\ivo,0)\\x^<C\\wo\\HHnom ■ (7.94) 

Then, setting 

G = n2no($) [cr'8iV($) + ©($)] + 63 • [CTSiV(4') + 6(4>)] 63 , (7.95) 
given (w„, 

<7n) S we define [vn+i, Qn+i) to be the solution of 

dtvn+i - vAvn+i + Vg„+i = i?($) + F{vn, ?„) in (0, T)xRl, (7.96a) 
div(w„+i) = A(?;„)+2l($) in (0, T) x R^ , (7.96b) 

S{vn+i,qn+i) 63 -cr 63 • [go'^ (xq) dip / ?;„+i(r)dr] 63 

Jo 

= G + Gi{Vn) + [G2{Vn) + <jB{Vn)] 63 

on (0,T) X [R2 X {0}] , (7.96c) 

(7.96d) 

v„+i = (C^ wo)($) on R3 X = 0} , (7.96e) 
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where S{v, q) = i^Dcf v — qN, II2 denotes the tangential projection onto x {0}, 
Hq continues to denote the projection onto the tangent plane of Fq, and 

F{Vn,qn)^~iyiAVn~diY[VVn-A-A^])+Vqn-A^Vqn m (0, T) X , 

(7.97a) 

A{vn)=diyM-Al^ in (0,T)xR^, (7.97b) 

Giivn) = n2 [Sivn,qn) 63] - Tl^Uoi^) {v (Vi;„ • A + [Vw„ • Af) ■ iV($) \A e^\) 
+ n2no($) (g„iV($) |A eal) in (0, T) x x {0} , (7.97c) 
G2{vn) = 63 • (5(«„, g„) 63) - 63 • (1/ (Vi;„ • A + [Vw„ • Af) ■ 7V($) |^e3|) 

+ e3-(g„^($) |Ae3|) in (0, T) x x {0} , 

(7.97d) 







Ai A^($) • 63 



- 63 • 30 (2^0) / dipv„{r) dr on (0,T) x x {0} . (7.97e) 
Jo 

Remark 8. Note the presence of the projector Hq in the forcing functions G defined 
in \7.9^ and Gi defined in jy.ff7b| ). This projector is used to remove the less regular 
terms, such as B and 03, from the tangential component of the forcing. 

For each n > 1, we define 

5vn — Vn+i ~ Vn (difference of velocities) 
Sq^ — qn+i — q-n (difference of pressures) . 

Since for each iteration n > 0, the problem ()7.96|l is linear, the pair {5vn+i, 6qn+i) 
satisfies 



dt5vn+i - y^5vn+i + V%,+i = F{5vn, Sqn) m (0, T)xWl, (7.98a) 
div {5v„+i) = A{Svn) in (0,T)x]R^, (7.98b) 

S{6vn+i,Sqn+i) €3 - a 63 ■ {g^^ {xq) / 5^^(5w„+i (r)dr) 63 

Jo 

= Gi{Sv„) + {GiiSVn) + aB{5Vn)) 63 

on (0,T) X R2 X {0}, (7.98c) 
6vn+i - on X 0} , (7.98d) 

where the forcing terms appearing on the right-hand-side of this system are defined 
by the same relations as H7.97II with ((5w„,(5g„) replacing («„,(/„). 
For each n> 1, the initial data satisfies the compatibility condition 

n2(Def ((5w„+i(0, •)) iV) on R^ X {0}, 

associated to Gi((5w„)(0,-) = 0, G2(^Wn)(0, •) = and i?(^t;„ )(0, ■) = 0. Thus, ifH?^ 
satisfies all the assumptions of the basic linear problem H7.52|l . with the elliptic 
operator ,aa replaced by the constant coefficient elliptic operator g'^^{xQ) v^,afj 
(which is also coercive); thus, using the _ff^-type estimates of the previous section. 
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||((Su„+i,(5g„+i)||iV < 77 \\{Svn,6qJ\\YT ; (7.99) 



we find that 

||((5w„+i,(5q„+l)||y^ 

< C (5g„)||2,2(0,T;L2(R3^.R3)) + ||^^(<5'Un, <^<7„)t||L2(o_T;/i-l(R3_.R3)/) 

+ ||A((5w„)||i2(o,T;//l(B3 ;R9)) + ||^('5'yn)t||L2(0,T;//l(K3 .R9)/) 
+ ll-^('^"")lli2(o,T;H-^(R2;R)) + ll^'^'^"")*llL2(0,T;H-i(R2;R)) 

Consequently, taking tlie support of C in a small enough neighborhood of xq, V<i> is 
sufficiently close to Id in L°°, so that the differences between quantities appearing 
in H7.97|l . which are evaluated at x and at 0, are sufficiently small so as to allow us 
to deduce that 

1 
2 

by the contraction mapping principle, the sequence (w„, (?„)„gN is convergent in 
to a limit {w, r) which is also the unique solution of the extension of H7.92|l to R'^. 
To see this (which is not completely straightforward at first sight), we first notice 
that (w,r) is the unique solution in Xt of the problem 

dtW-i^Aw + \7r^d{^)+F{w,r) in (0,T)xMi^, (7.100a) 
div (w) = A{w) +^{^) in (0,r)xR^, (7.100b) 

S{il),r) 63 - Cr 63 • ( / 5o^(xo) W,a/3 dt') 63 

Jo 

= G + Gi{w) + iG2{w) + aB{w)) 63 

on (0,T) X [M^ X {0}] , (7.100c) 

(7.100d) 

w = (C^ wo)i^) on X {t = 0} , (7.100e) 
From the definitions of A, F, G, B, 2l(<i>), 5^($), and G, we have that 

dtw -vdYv[Vw ■ A- A^]+ A^Vr =^:S{^) in (0,r)xM3^ (7.101a) 

■ dH)^ 

A^^=2l($) in (0,r)xM^, (7.101b) 

n2no($)(E) + (E . 63) 63 + A(iV($) . 63) 63 = on (0,T) x [M^ x {0}] , (7.101c) 

w = (C^ wo)($) on X {i = 0} , 

(7.101d) 

where 

S = (t/ (Vw • A + [Vw • Af) ■ iV($) - riV($)) |v4 63I - ©($) - cr»($) , 

and 

A = ~aN\^)g-^ds[sgf f d^w\r)drA}]Ai iV($) • 63 . 
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By (|7.88|l . N{^) and 63 = N{xo) are not orthogonal, so that 
n2no($)(S) =0 and S • 63 + A(iV($) • 63) = on (0,T) x [M^ x {0}] , 
which in turn impHes that 

no($)(S) = Ke3 {k E R) and S • 63 + A(iV($) • 63) = on (0,T) x [M^ x {0}] . 
Again, since N{^) and 63 are not orthogonal, 

no(4>)(i;) = and E • 63 + A(iV($) • 63) = on (0, T) x [M^ x {0}] , 
which provides us with 

S = K'Ar($) (k' e M) and S • 63 + A(iV($) • 63) = on (0, T) x [K^ x {0}] , 
and finally, 

I] = -AiV($)on (0, T) X [M^ X {0}] , (7.102) 

By using the definitions of E and A in H7.102|l . we find that the limit of our con- 
tractive sequence {w, r) is the unique solution of H7.92|l . extended to the half-space 

Since {W, Q) is the unique weak solution of (|7.92() . we have shown that {W, Q) = 
{w,r). We can then estimate the norms of {W,Q) in Yt and Xt as follows. By 
summing the inequalities l|7.99(l from n = 1 to 00 we see that 

\\{W,Q)\\y^ < \\ivi,q,)\\Y^ + \\{vo,0)\\Y^ , 

which, thanks to (|7.94|l . shows that 

\\{W,Q)\\y^< \\{vuqi)\\Yr+C\\wo\\H-(nom- (7-103) 

To estimate the right-hand-side of H7. 103(1 , we apply our previous estimate again 
on the system 

dtVi-i^Avi+\7qi^^{'i>)+F{vo,0) in (0,T)xM3^ 
div(wi) = 2t($) -I-A(uo) in {0,T)xW^, 

S{vi,qi) 63 -a (^es ■ J gQ^{xo) vi,ai3^ ^ G + Gi{vo) + {G2{vo) + c7B{vo))e3 

on (0,T) X X {0} , 
vi = (C' wo)($) on R^ X = 0}, 
whose initial data satisfy the compatibility condition at time t ~ 0, given by 

1/ n2(Def (wi(0, •)) 63) = II2 (G(0, •) + Gi(wo(0, •))) on R^ x {0}. (7.104) 
To see that ()7.104|l indeed holds, let us start from the condition 

no(Def (wo)) = on Tq . 
Since Wq = {('^wo){^), the previous condition is equivalent to 
no($) {\A 63I {VWo ■ A + [WWo ■ Af) ■ iV($)) 

= no($) {3iyc\m^o ■N)vc + (vc • N) worn) 

on (0,T) X R2 X {0} . (7.105) 

Since Wq = vo a.t t — 0, 

U2 (G(0, •) + Gi(«o(0, •))) = n2(G(0, •) -I- Gi(Wo)) ■ 
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Using the definitions of G and Gi togetlier with the condition H7.83fl . we have that 

n2(G + Gi(z;o(0,-)) = n2 (5(Wo,0) 63) 

- n2no($) (1^ eal V {VWo ■ A + [VWo • Af') ■ N{<^)) 

+ n2no($)(3K'W[K-A^) vc + (vc-a^) wo][^)) , 

which allows us to infer from (|7.105() that 

n2(G(0,-) + Gi(z;o(0,-))) (5(1^0,0) 63) , 

so that the compatibility condition (|7.1U4|) is satisfied. 
It follows that 



< G 



Yt 



||(C'wo)($)||hi(r^;M3) + ||^($) + F(«o)|| 

+ I + F{vo, 0)t||L^(0,T;Hi(R^;R3)') + ||2l(*) + A{v^)\\lHG.T, 

+ I G(0, •) + Gi(«o)(0, •) + G2(«o)(0, Oeal 
G + Gi(i;o) + G2(^^o) 63! 



ff^(R2;R3) 



L2(0,T;H3 

Gt + Gi{vfi)t + G2{vo)t 63] 



-ll^ll 



L2(0,T;/i"" 2 (R2;B 



'L2(o,T;H 5 



(7.106) 



with 



B = n2no($)(cr<B($)7V($)) + 63 • (TQ5($)iV($) 63 , 

G = n2no($)((5($)) + 63 • ©($) 63 , 

so that B{0,-) = and G = B + G. Thanks to this splitting of the tangential 
forcing, we may infer from H7.103|l and (|7.1U()|) that 

IKty, <G ( ||wo||_f/2(i2o;R3) + ||/||l2(0,T;L2(o^;R3)) + 1 1 /t 1 1 L2 (0,T:i/i (fio ) ' ) 



+ Il5(0,-)II 



II5II 



+ 11/(0, •)l|L2(f2o;R3) + l|5|li2(o^J,.^-i(r„.R)) - 

+ l|w^l|L2(o,T;ffi(Oo:R3)) + ll^^t|l-L2(o,T:L2(no;I 

+ l|9aU;||l,2(0,T;L2(ro;R3)) + 1 1 (wq , 0) | j ) . 

Since w and Wt satisfy the estimate 



\\9t\ 



L2(0,T;ff"7(ro;R3)) 
1^2(0, T;H"i(ro;R)) 

(7.107) 



l|w^llL2(o,T;Hi(flo;K^)) + ll^'f"t||L2(0,T;L2(Oo;R3-)) + |19Qw||i2(o^T;L2(ro;R3)) 
< C* ( ||'U;o||L2(f2|,.R3) + ||/||L2(0,T;L2(fiQ;R3)) + ||/t||L2(0,T;ffi(f2o;R3)') 



11.9(0, Oil 



.911 



'Hi{ro;K^) ' " ■~^"L2(o,T:H7 (ro;R' 
+ 11/(0, •)llL2(f2o;R3) + l|5|li2(o^7,.ff-i(r„;i 



llfftll 

II Bt 



L2(o,T;H"7(ro;R3)) 
L2(0,T;if"^(ro;R); 
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we then get from (|7.1U7|I and (|7M|) that 

<3)l|yT ^C* ( \\wo\\H^{no:R^) + \\f\\L^{0,T:L'^{no;R'')) + ll/t||L2(o,T;ffi(Oo:R2)') 

+ 11.9(0, Oll^i^p^.RS) + II -911^2(0, T;Hi(ro;R3)) ^ •^*llL2(o,T;H"i(ro;R3)) 

+ ll./(0, ■)\\mno;m^} + ll^lli2(o,T;H-^(ro;K)) + H ^* llL2(o,r;H-^(ro;E)) 

Thus, 

WC'mw, qmWvr <C ( |kolk^(flo;R3) + Il5(0, •)ll^i(p^^„3) + 11/(0' 
+ ll/IU2(o,T;L2(no;R3)) + ll/«llL2(o^T;Hi(flo;R-')') 
+ II 5ll^2(o^T;ff^(ro;R3)) 'I ^*llL2(o,T;ff"^(ro;R3)) 
''"^'L2(0,T;ff"i(ro;R)) ^ 'L2(0.T;ff"i(ro:R)) 

(7.108) 

We will now bootstrap, using the gain in regularity of (w, q) in the system ()7.92f) 
to deduce the appropriate regularity gain for (W,Q). The problem occurs in the 
region where C = 0, wherein (|7.1U8|1 introduces singular terms of the type To 
avoid this singular behavior, we localize the problem to an even smaller neighbor- 
hood of xq by introducing another smooth cutoff function C satisfying the same 
properties as C but whose support is strictly included in the support of C. We then 
introduce {W, Q') — C'^{w, q) which exactly satisfies the same problem as {W, Q) in 
(|7^ . with C replaced by Next, we introduce a sequence (w^, g'J defined exactly 
in the same manner as the sequence {vn, qn) with C,' replacing Q. Our compatibility 
conditions are still satisfied , which allows us to use our basic energy estimates, 
but now in Xt, to get a contractive sequence in Xt (assuming, of course, that the 
support of C is chosen to be in a sufficiently small neighborhood of xo), together 
with the estimate 

ll(W^',Q')llx, < \\{v'uq\)\\x^ . (7.109) 
We proceed to estimate the right-hand-side of (|7.1U9|I in the same way as we did 
for {vi,qi), but now in the space X^ since our forcing terms have the additional 
regularity. We arrive at the estimate 

ll(w^',Q')IU. 

< C ( ||wo||ii-2(Og.R3) -I- ||/||L2(o,T;Hi(f^o;R-')) + ll/t||L2(o,T;Hi(f^o;R^)') 

+ 11^(0, Oll^^^p^.jjs) + II f 11^2(0, T./i-i(ro;K3)) II ^*llL2(o,T;ii-7(ro;R3)) 
+ 11/(0, •)llL^(no;R3) + ll^lli2(o,T;ifi(ro*)) + II ^* llL^(O.T;ffi(ro;B)) ) ■ 

(7.110) 

Since ^' = 1 in a neighborhood of xq, we may emply a finite-covering argument 
and deduce, using H7.110|l and the interior regularity result, that the basic linear 
estimate (I7.85f) is satisfied. □ 

7.5. Proof of the a priori estimate for the basic linear problem. To finish 
the proof of Theorem lti.ll it remains only to include the dependence on a in the a 
priori estimate H7.85|l . 

From H7.2|l and (|7.5() . we need only substitute w — w — Vr into H7.85|l . From 
1)7. 1|) . wc have that 

w = Vr = V(-A)"^a. 
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Thus, it is clear that 



and that 



Also, 



l^llL2(0,T;ff3(no;K3) — ll'^lli2(0,T;//2(Og.] 



^'t|lL2(0,T;Hi(f^o;K^) ~ ll"tlli2(0,T;L2(no;l 



\\N ■ Ao I v{s,-)dsf 1 <C{T)\\AoV{-Ay^af 







<C(r)||V(-A)-ia||i.(o,T;if3(^,,;R) 

< C(r)||a||^2(o_T;ff2(Qg.R) , 

where we have made use of the trace theorem. The term IliV • Ant'lP i 

L2(0,T;H3(no;l 

has a similar estimate, so we have finished the proof. 



8. The fixed-point scheme for the nonlinear problem 

We will make use of the Tychonoff Fixed-Point Theorem in our procedure (see, 
for example, [H]). Recall that this states that for a reflexive separable Banach 
space X, and C C X a closed, convex, bounded subset, if F : C — > C is weakly 
sequentially continuous into X, then F has at least one fixed-point. 

Our analysis will be performed using the function space Xt, but this time on 
the domain fig. 

Definition 8.1. Let 

XT = {(u,p)ey3(r)xy2(r) | 

(Vut,pt) e L\0,T-,H-i{n;R'>)) x L^iO,T- H-^To;R))} , 
endowed with its natural Hilhert norm 

ll("j-P)llxr =ll"lli2(0,T;H3(Oo;R3)) + ll"tlli2(0,T;_H"i(no;R3)) 
+ l|p|li2(0,T:ff2(OQ.R)) + l|Pt|li2(o,T;L2(no;R)) 

" "L2(0,T;ff"2 (ro;R3)) " "L2(o,T;ff"2(ro;R)) 

We define a mapping Qt from Xt into itself, which to a given pair {v,q) e Xt 
associates the pair (w, q) e Xt, a solution of a linear problem defined as follows. Let 
rj e V^{T) n C([0, r];i7^(rio;K^)) denote the Lagrangian flow map of the velocity 
V, defined by 



r]t=v in (0,r)xl7o with 77 = Id on f7o x {t = 0} , (8.1) 
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let a be given by Ij^-lfl . and define {v,q) € {{u,p) £ Xt\ u{0) = uq} to be the 
solution of 

il-iy{aiafv\k),j+a'yq,k = in (O,r)xr!o, (8.2a) 

a'^v\k = in (0,T)xr!o, (8.2b) 

Ho {n,jD,j{d)) -a^ N = on (0, T) x Tq , (8.2c) 

N ■ ( S,,{v,q) ■JN)^aN- A^(,)( / i{t' , ■) dt') = aN- A<,(t)(Id) 

on (0,T) X To, (8. 2d) 

V = Uq on Qq X {t = 0} , 

(8.2e) 

where N denotes the outward-pointing unit normal to Fq, Uq and are, respec- 
tively, the projectors onto the tangent planes to the surfaces Tq and ?7(ro), 

Dr,ii)l = iv\kaf+i\ka'l) in (0,T)xf]o, (8.3a) 
Sriiv, q) = lyDr^ii) - g Id in (0, T) x , (8.3b) 

and Ag(() denotes the Laplacian with respect to the induced metric g(t) defined 
by the equations H3.3|l and (|3.4|l . Clearly, Dr,{v)\ = Djj{v)]. is the Lagrangian 
version of the deformation tensor, and S*^ is Lagrangian version of the stress tensor. 

In the following, we will prove that (|8.2|) has a unique solution for a short time 
T by using an iteration scheme founded upon the basic linear problem 116. this 
will establish that the mapping Qt is well-defined. Using the Tychonoff fixed point 
theorem, we will then establish that the map Qt '■ (v, q) '—^ {v, q) has a fixed point, 
and that this fixed point is indeed the unique solution of the system (|3.2|l . This 
will prove our main theorem. 

In order to do so, let us consider a given element {v, q) G {Xt \ u{0) = uq}. To 
apply our fixed point procedure, we shall define the following closed convex subset 
of Xt. 

Definition 8.2 (The convex subset). Let 

Ct = {iu,p) e Xt\ u{0) = uo and \\{u,p)\\xr < M(T)} 

with 

M(T) ^ 2 Cm 1/(0, •)I1l2(R3;R3) + ||/||L2(0,T;ffi(R3:R3)) (1 + C6C3 ||"o||h1(J1o;R3)) 
+ \\ft\\L^(0.T;m(R3;R3y) + ||uo||_H"2(Oo;R3) + || Aq Id -iYH ^ 1 ^^^^^ 

where we fix Tm > with T < Tm and let Cm denotes the function C(T) in the 
estimate {7.85^ with Tm replacing T. (Note that Cm is an increasing function of 
time, so that we can replace C by Cm in the estimate \7.85}) .) In this definition, C3 
and cg are the Sobolev constants satisfying for any v G H^{nQ; M^) the inequalities 

ll^'IU3(Oo;R3) < C3 I|i'IIhi(Oo;K3) ' (8-4) 

II^^IUe(0(,;R3) < C6 ||l'||ifl(no;R3) • (8.5) 
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We note that of course, Ct is well defined since V^{T) x V'^{T) is continuously 
embedded into C([0, T]; R^) x i?i(r2o;K)) (see, for example, j6j). We will 

solve (|8.2|l for a short time by an iteration procedure and obtain a unique solution 
belonging to Ct- Note that this short time restriction is necessary not only 
in order to get a solution in Ct, but also to ensure the very existence of a solution 
of (|H21) in Xt. 

Remark 9. It is somewhat surprising, given that 1^8.^) is a linear problem, that 
we obtain only a short-time solution; nevertheless, this restriction arises from the 
iteration scheme we must employ. We use this type of procedure since, due to the 
(non-natural) boundary conditions 1^8. 2c]) and Il8.2d^} . we cannot write the varia- 
tional form of k8.2c\l . 

In the following, C denotes a generic constant which may depend on Qq and 
the coefficients of (|3.2f) . The following lemma concerns the L°° control of a, and 
asserts that a remains near the identity in an appropriate norm, and that the unit 
normal to Fq at a; G Tq and the unit normal n to r{t) — rj{t, Fq) at rj{t, x) are 
not orthogonal for at least a short time. 

Lemma 8.1. There exists K > 0, Tq > such that if < T < Tq, then, for any 
{v,q) € Ct, we have that 

||a^ - Id\\L'^(o.T;Co(n^;W^)) <K Vt , (8.6) 

iV 1 

■N>- , in [0,T] xFo , (8.7) 



\a^ N\ " - 2 
1 
2 



det a > i, in [0,T] x f^o 



Proof. Using 1)8. we have that 

ll'7(^, ■) -Id||if3(f^^^R3) = II / V(t',-) dt'\\H3(no-R3) , 

Jo 

which shows by Jensen's inequality for the Bochner integral that 

\\v{t,-) -ld\\H3(na:R3) < / \\vit' , ■)\\H3{no;R^) dt' , 

Jo 

and thus from the Cauchy-Schwarz inequality, 

||?/-Id||L~(0,T;/f3(j2o.R3)) < CVT ||'y||L2(0,T;ff3(Oo;M3)) < CVT \\{v,q)\\xT, 

and since (w, (?) G Ct, 

h - Id||L-(o,T;if3(Oo;M3)) < CVt M[T) <cVt M(To) . (8.9) 
From the continuity of the embedding of H^{ilo) into C^{ilo), we infer that 
||Vry-Id||^^(o ,j,.po(n^.R9)) < C Vt M{To) , 

which implies that there exists Tq > such that for T < Tq, Wrj is invertible and is 
in a neighborhood of the identity, and thus from the C°° regularity of the mapping 
M ^ Af-i from a neighborhood of Id in H'^iQo; into H'^{no;R^), we have that 

||a^ - Id||ioo(o^T;CO(fi^;RO)) <C Vt M{To) 
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which proves (|8.6|) . Since a is close to Id in L°°(0, T; C°(rio; K^)), we then easily 
deduce H8.7|) and 1)8. 8|l for Tq > sufficiently small; this is due to the fact that when 
a = Id, we have that both N/\a^ N\- N and det a = 1. □ 

Henceforth, we take T < Tq, and we allow our generic constant C to depend on 
Tq. With this convention, (|8.9|) reads 

||77 - Id||i^(o,T;H3(Oo;R3)) < CVt y{v,q) e Ct- (8.10) 
We next state the following lemma about the i°°-in-time control of elements of Ct- 
Lemma 8.2. There exists a constant C such that for any {w, r) G Ct we have 

\\w\\L°-{0,T;H^{no;R^)) < C . (8.11) 

Proof. From the standard interpolation inequality (see [Hj for instance) 

l|w||L°°(0,T;_H2(ag.R3)) <\\uo\\ (Q„.M3) 

+ C (ll''«t||L2(0,T;//i(no;K3)) + ||w||l2(0,T;H3(J2o;R^))) ' 

we infer that 

l|w'llL=(0,T;_f/2(f2Q.R3)) < C[||mo|1//2(0(,;R3) +M(T)] , 

which finishes the proof of the lemma, using the fact that M{T) < M{Tq) (and 
again allowing C to depend on Tq). □ 

We will also need the following 
Lemma 8.3. There exists a constant C such that for any {v,q) G Ct, 

l|at|lL°°(0,T;_ffi(f2o;R3)) < . (8.12) 

Proof. We first need a few estimates on a and its time derivative. From H8.10|l . we 
infer that 

||Vr/ - Id||Loo(o_T;ff2(Op.R9)) < C Vt , 
and by the Sobolev embeddings 

Thus V77 stays in a neighborhood of Id in on [0,T] x Hq. From the C°° reg- 
ularity of the mapping M M^^ from a neighborhood of Id in H'^{ilo;M.^) into 
7j2(Oo;M^), we infer from iPTTHIl that 

\\a - Id||Loo(o,T://2(no;R9)) < C VT . (8.13) 

Now, since at — —a-Vrjt-a — —a-Vv-a, we see from the Cauchy-Schwarz inequality 
that 

||at(i, OIUms^oiRS) <II«(^> OIli^iHo^o) ll'^"(^> OIlffM^^o^s) 

+ hit,-)\\wiA{no;R'->) l!^'"(*' •)IU*(f2o;R3) ■ 

Thus by the Sobolev embedding theorem, 

\\at{t,-)\\Hi{no;m9) <C ||a(i, •)IIh2(Oj,.r9) \\v{t,-)\\H2{nQ;R^) , 
and consequently from 18.13|l . 

\\at{t, ■)\\m{no;R^) < C \\v(t, ■)\\HHa^m ■ (8-14) 
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We then conclude from H8.14|l and (|8.11l) that 

l|at||L~(0,T;Hi(no;R3)) <C. (8.15) 

□ 

We will also need to estimate the following boundary forcing terms: 
Lemma 8.4. We have for any {v, q) € Ct, 

11^ a/3 d^Id +||a(jV. q"^ ^^^'^ ) II 

" ay"ay/3iiL2(o,T;H5(ro;R))^" ^ dy'^dyf^' l^o,T;H-2 (ro-X)) 

< e{T) M{T) , (8.16) 

where e(T) — > as T ^ 0. 

Proof. For the first term of this inequality, we have that 

a/3 dHd <||jV.(q^/3_q«:/3(0 .)) ^^^^ 11 

" ^ 9y"ay/3llL2(0,T;i/i(ro;R)) ^ '''' ^ya^y/S ^ L2(0.T;Hi (ro;R)) 

+ IliV- O-^^^^ll 

Since 77(0, •) = Id, we infer from (|8.1U|) that 

"^•^"'a^ll.W;^i(ro;R))^^^- 

For the second term on the left-hand-side of H8.16|l , the smoothness of Tq implies 
that 

9^ Id 

and from H8.10|l and Lemma [8. 51 that we prove next, 

Since there is only a surface gradient involved in the right-hand-side of this inequal- 
ity, from the same type of duality argument as we used for the proof of (|7.8U|) . we 
find that 

9^ Id 

and from H8.11|l . we then have in turn that 

Form (|8.17(l and H8.18|l . we then deduce the desired inequality (|8.16|l . 

□ 

We next have the following simple result concerning the H^^ {Tq\'R) norm of a 
product. 

Lemma 8.5. For any a G -ff~5(ro;M) and (3 which is the trace of an element of 
(3 e W^'^iTo-R), we have that 

W^^h-hroX) ^ ^ ll"llH-l(ro;R) m\w^-i^om ■ (8.19) 
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Proof. Let (j> G i/^(rio;K) and let i? be a linear and continuous mapping from 
H^flo;R) into H^{no;R) such that <f) is the trace of 
We then have 

(a/3, (/) )ro = ( a,/3(/')ro , 

where (•, •)ro denotes the duality product between i7~2 (ro;R) and i/^ (ro;IR). By 
the trace theorem, 

(a/3,0)ro < ^ll"ll^-i(r„;M) ll/3^(</')IUvno;R) • 
Since by the Cauchy-Schwarz inequality 

\\PR{(j})\\H^no;R) < li/3|iL°°(no;R) \\(t>\\H^(no-R) + \\P\\w^-H^o;m \\R{4>)\\LHno;R) , 

we then have by the Sobolev embedding theorem, 

\\PRW\\H^(no-M) ll/?llwi.4(no;R) \\R{(t>)\\H^no-M) : 

and thus 

which proves the lemma. □ 

For the uniqueness of the solution to H^12|l . we will need the following 
Lemma 8.6. For any {v,q) e Ct and {v,q) G Ct, 

Ik - a||L°°(o,T;ff2(no;R9) < C Vt , (8.20) 

where our notation means that a and a are formed from the Lagrangian flow maps 
of V andv, respectively. 

Proof. Note that from (|8.8|l . a and d are invertible, so that we may use the decom- 
position 

a(t, •) - &(t, •) = a(i, •) • [d^\t, ■) ■ a{t, ■) - Id] , 
and thus, since i/^(ilo;M^) is a Banach algebra, (|8.13|l enables us to assert that 

\\a{t, •) - a{t, •)||ff2(Oo;R9) < C ||a^^(t, •) • a{t, •) - Id||ff2(s:2o;R9) . 

Hence, 

\\a{t, ■) - d{t, ■)\\m(no-M^) <C ||a"^(t, OIlff^CnoiMf l|a(t, •) - Id|lff2(nj,.R9) 

+ C ||a-i(i,-)-Id||H2(n„;R9) . (8.21) 
Since d~^{t, •) = V77, we infer from H8.13|l that 

||a-i(i,-)-Id||H2(o„;M9) <C Vr, 
and consequently, with (|8.21(l . we obtain the desired inequality. □ 

With regards to the forcing F = / o 77, we have the following 
Lemma 8.7. For any {v,q) G Ct, 

l|-F'l|L2(0,T;i/i(no;R3)) + \\Ft\\ L^(0,T-M^ {Qo-M'^)') 

<{l+e{T))( (1 + C6C3||uo||ffi(no:R3)) ||/||l2(o.T;//i(R^;R^)) + ll/tlli'^(o.T:Hi(R^:R^)')) ' 

(8.22) 

where e(T) — s- as T — s- and C3 and cq are the Sobolev constants defined in i8.4)) 
and rO)] . 
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Proof. From the chain rule, 

VF = [V/ o Tj] ■ \7t]. 

The estimate (|8.10f) provides us with L°° spacetime control of both V77 and Vr]~^ 
for T <Tq, so that we obtain 

\\F\\L^{a,T-H^(no\R^)} - \\f\\L^(o,T;H^{«.3;R3)) + <^{T)) , (8.23) 

where e{T) ^ as T ^ 0. 

The chain rule also shows that 

Ft ^ ftori+ [V/ or]] V . 

By duality, 

■)\\minom' < III/* ° ■)llffi(no;R3)' + C6||[V/ o rj]{t, •) vit, Oll^f (^^^^3) • 

°'(8.24) 

From Holder's inequality and the Sobolev embedding theorem, 

||^t(^, OllffMf^oiK^)' <ll[/t ° v]{t, ■)\\m{nom' 

+ C6C3 ||[V/o77](t, •) hnnom \\m(.nom- 

Next, note that 

IK'(^7 OllffMf^o*^) < ll"o||Hi(no:R-') + / \\vtit'r)\\H^{no;R^)dt' , 

Jo 

which by means of the Cauchy-Schwarz inequality and the fact that (v, q) e Ct 
leads us to 



\\vit, ■)llL = (0,T;ffi(no:K3)) < ||wo||Hi(no;R3) + VT M(T). 

Again using H8.10|l . we arrive at the estimate 

ll^t||L2(0,T;_f/i(^^o;R^)') <ll/t||L2(o,T;ifi(K^;R^)') + 

+ C6C3 |1/|1l2(o^T;H1(R3;R3)) I ko 1 1^1(00*^) (1 + '^(^)) ; 

where e(T) ^ as T ^ 0. Together with (|8.23(l . the lemma is proved. □ 

For the proof of the uniqueness result, which relies on the Lipschitz condition 
()5.3|l . we will need the following 

Lemma 8.8. Suppose that f satisfies 1^5.!^} with T replacing T. Then, there exists 
C > such that for any {v, q) and {v, q) both in Ct, 

\\f orj- f o 7?||L2(o,T;//i(no;R3)) + ||(/ ° V ^ f ° 7?)* II L2(0,T;Hi (^^o;K^)') 

< C Ti\\{v-d,q-q)\\x^ ■ (8.25) 

Proof. We first notice that 



//3(no;R3) 



\\r]{t, •) - fj{t, ■)\\H3{no-m = / - «)(^'; •) dt' 

Jo 

which shows by Jensen's inequality that 

h{t,-)-fi{t,-)\\mina.M^)< / ||(w- w)(t',-)lk-^(no;R3) di' , 

Jo 

and thus from the Cauchy-Schwarz inequality, 

h-'7llL-'(o,T;H3(Oo;R3)) < CVf \\{v - V , q - q)\\xT ■ (8.26) 
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On the other hand, smce t;(0, •) — u(0, •), a standard interpolation argument (see 
ini) yields 

Ik - '^llL°°(0,T;ff2(no;R3)) < C w||L2(o_T;ff3(no;R3)) + ll«t ^ ^'t II L2(0,T;_ffi (ao;R3))) , 

and thus 

l|w- w||L~(o,T;//2(no;K3)) < C* ||(«-'5,g-g)||xT • (8-27) 
By the Cauchy-Schwarz inequality we also have that 

Ik ~ ■f'l|L~(0,T;ffi(Oo;K3)) < C ||wt - Wt || L2(o,T;ff i (no;R3)) , 

SO that 

Ik - '5||L~(o,T;Hi(fio;R")) ^ ^ ^ IK^' - '7)I|xt ■ (8-28) 

We may interpolate between (|8.27|) and H8.28|l using the Gagliardo-Nirenberg in- 
equality to find that 

lk-«l|L=(0,T;L=(no;R3)) <Cr^ \\{v - i ,q- q)\\x^ . (8.29) 

Since 

V/(77) • Vt? - V/(77) • Vf; = V/(?7) • (Vt? - V77) + (V/(r;) - V/(77)) • V77 , (8.30) 

using H8.26|) and H8.10|l together with (|5.3|l for the second term on the right-hand- 
side of H8.30|l . we obtain 

||V/(ry) • V77 - V/(r)) • Vry||L2(o,T;L2(no;R9)) 

< C (K + ||V/||l2(o^t;L2(r3;R9))) \(v-v,q- q)\\XT ■ 

The Lipschitz continuity of / from H5.3(l together with H8.26(l provides us with the 
simple estimate 

11/°'/- ./°7?IU2(o^T;L2(Oo;R3)) < C K Vt \\{v - V , q - q)\\xT , 
from which it follows that 

ll/o ?7 - / o f)||i2(o^T;Hi(^^o;K3)) < C \\{v - V, q - q)\\xT ■ (8.31) 
To estimate the time-derivative term, we have that 

if O-q- f O fj)t = /t(77) - ft{ff) + V/(7/) V - VJ{f)) V . 

By using the Lipschitz condition (|5.3() on ft and V/ together with H8.10|l and (|8.29() 
we see that 

\\if°V-f°V)t\\L^O,T-L^no;m) - C{K VT+T^ I|V/||l2(o_T;L2(r3.r9))) \\{v-V,q-q)\\xT , 

and hence that 

||(/o??- /o??)t||L2(o,T;Hi(!^o;R3)') ^ ^ ~ V , q ~ q)\\ Xt , (8-32) 

which together with (|8.31|) completes the proof. □ 

We next have the following existence and uniqueness result which shows that 
the convex subset Ct is closed under the map Qt- 

Lemma 8.9. There exists Tq £ {0,To) such that for < T < Tq and for any 
(v^q) e Ct, there exists a unique solution (v.q) E Ct to the problem 
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Proof. The linear problem (|8.2I) will be solved by the following sequence of prob- 
lems: We initiate the iteration with (vQ^qo) = (0,0); then, given {vn,qn) € Xt we 
define (vn+i, Qn+i) as the solution of 

(w„+i)t - i^At;„+i + Vg„+i = F + /(i>„,g„) in (O,r)xilo, (8.33a) 
div(t-„+i) =a(t>„) in (G,T)xr!o, (8.33b) 
no{r>ef{vn+i)N)^gi{vn) on (0,T)xro, (8.33c) 

N ■ ( S'(i;„+i, g„+i) N ) ^ a N ■ Ao( / Vn+l) + g2(vn,qn) + (jB{vn) 

JQ 

+ (T iV • Ag(t) (x) on (0,r)xro, (8.33d) 

Vn+i — uq on Qq X {t = 0} , (8.33e) 

where 

/(i'n,gn) = -i^(Au„ - (afafi;„,fe),j ) + Vg„ - a^Vg„ in {0,T) x flo , (8.34a) 

a{vn) = div{vn) - a'^vi. j^ in (0, T) x , (8.34b) 

gi(f„)=no(Def(i;„)iV-n„((..)(i?^(t,.)(t-„)-a^iV)) on (O,r)xro, 

(8.34c) 

g2ivn,qn), = N ■{ S{vn,qn) N )^ N ■{ S^(^t.-)ivn,qn)-a'^ N ) on (O,r)xro, 

(8.34d) 

B{vn) ^ N ■ (Ag^t) ~ ^o){ f vn) on (G,T)xro. (8.34e) 







We note that the system (|8.33ll is well defined since by construction gi{vn) 
belongs to the tangent plane to the surface Fq. This is precisely the reason why the 
iteration proposed by Tani |1H fails, since the analogue of gi(vn) in equation (4.3) 
on page 319 does not necessarily belong to this tangent plane as it must. 

For each n > 1 define 

6vn = — Vn (difference of velocities) 
Sq^ — qn+i — qn (difference of pressures) . 

Since for each iteration n > 0, the problem (|8.33|) is linear, the pair ((5u„+i, (5q„4_i) 
satisfies 

{Svn+i)t - vASvn+1 + '^Sq^^i = f{Svn, 5q^) in (0, T) X fio , (8.35a) 
div((5w„+i) = a((5u„) in (0,r)xr2o, (8.35b) 
no(Def (5«„+i)7V) =5i(,5z;„) on (0,T)xro, (8.35c) 

N ■ ( S{Sv„+i,Sq,^^^) N)^a N-aJ I Sv,,+i 







+ g2iSvn,Sq,^) + aB{Svn) on (0,r)xFo, 

(8.35d) 

Svn+i =0 on {i = 0} X r^o , (8.35e) 

where the forcing appearing in the right-hand-side of this system are defined by 
the same relations as (I8.34|) with {6vn,Sqn) replacing {vn,qn)- We note also that 
Sqn{0, ■) — for any n> 1. 
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For each n > 1, the initial boundary forcings gi((5u,i)(0, •), g2iSvn)iO, ■) and 
B{Svn){0, ■) satisfy the condition l|7.83|l since they are all zero (from (|8.35e|l and 
the initial velocity satisfies the compatibility condition 

no(Def (<5i;„+i(0,-))A^) = 0on Tq. 

Thus, (|8.35|l satisfies all of the assumptions of the basic linear problem and 
so we can use estimate to find that 

||((5w„+i,(Sg„+i)||xT 

< {\\f{SVn,Sq^)\\L2(o T:m{noiR^)) + ll/(^Wri, <5g„)t||L2(o^T;ifi(no;R3)') 
+ ||a(<5Wn)||L2(0,T;H2(no;R9)) + || a('^Wn)t |U2(o,T;L2(Oo;R9)) 

+ ll3i('5«n,'59„)ll^.(o,T;ifi(ro;E3)) + 11-91 (^^«''59«)t|l^.(o,^^^-i(r^^„3)) 

Hence, as a consequence of Lemma [8.101 f which directly follows this proof), we 
infer that there exists Ti e (0,To) such that for any T e (0,Ti) 

||((5w„+i,(5g„+i)||xT <CT^ \\iv,q)\\xT Wi^^n, 5q„+i)\\xT ■ 

Since v € Ct, we see from the previous inequality that there exists T2 € (0, Ti) 
such that for T < T2, we have 

||((5w„+i,(5g„+i)||xT < \\{Svn,SqJ\xT ■ 

which by the contraction mapping principle (since we can assume T2 G (0, 1)) 
shows that the sequence (wn,'7n)neN is convergent in Xt to a limit (v,q) which is 
the unique solution in Xt of H8.2|l . By summing the previous inequalities from 
n = 1 to cx), and taking into account that the first iterate (wqj'Zo) — (0,0), we see 
that 

i 

\\(^'<i)\\xt < ' 1 \\{vi,qi)\\xT + \\ivuqi)\\xT ■ (8.36) 

1- 2 

In local coordinates y", a = 1, 2, on Fq, we have that 

/ d^id did 



N ■ Agid = N -g" 



since N is the unit normal to Fq, and is tangent to Fq, we have that 

TV • — = on Fo. (8.37) 

Now, to estimate the right-hand side of H8.36|l . we simply apply our basic energy 
estimate ()7.85f) to the following system, with zero initial tangential boundary forcing 
and an initial normal boundary forcing in 772(Fo;M), whose initial data satisfies 
the initial compatibility condition 

no(Def(i;i(0,-))iV) = 0on Fq, 
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(since vi (0, •) = uq): 

dtvi - v/\vi +\/qi= F in (0, T) x flo , 
div(wi) = in (0, T) x , 
no(Def(wi)A^) = on (0, T) x Tq , 

N-{S{v,,q,) N)~a N-Aoif t^i) = a iV • Ag(,)(Id) on (O,r)xro, 

Jo 

vi ^ uo on f7o X {< = 0} , (8.38a) 

to get 

\\ivi,qi)\\xT 

< Cm (||woIIh2(j7„.k3) + |li^|lL2(o^T;Hi(flo:R3)) + II II L2(o,T;Hi (f^o;R'')') 

+ II Add • iVll^. ^^^^^^ + II . g-Z'^-^ll^^^^^^^^a ^^^^^^^ 

+ ||F(0,Ollw3) + l|9*(^^^9"''^^)ll,.(„^,^,-i(,^^,^ , (8.39) 



where Cm is defined in Definition! 

Then, combining jH?^ . and we find that 

ll(^^,9)llx. < 2 (l + TTT^l A^(T^) (1 + ^^)) ' 

where e(T) ^ as T 0. Thus, choosing Tq G (0,T2), such that < T < Tq, 
impHes that 

II (5, g)||x. <M(T) . 

so that (w,q) G Ct, which proves the stabihty lemma. □ 



We now prove the foUowing estimate which was used to prove Lemma [ 

Lemma 8.10. There exists Ti € (0,ro) such that for any (v,q) £ Ct, and {w,r) G 
Xt such that (w(0),r(0)) = (0,0), we have that 

\\fiw,r)\\L2(o,T:H\n„-R^)) + \\.f{w,r)t\\L^o,T:H\n„:R3y) 

+ l|a(^i')llL2(0,T;H2(O(,;R3)) + ||a(w)t||L2(o,T;L2(Oo;R3)) 

<CT^ 11(^^,9)11^^ \\{w,r)\\x^ 

where 

f{w,r)^-i^{Aw-{a{a'^w,k),j)+\7r~a'^ \/r in {0,T) x , 
d{w) = div(zi;) - a^w^^ in (0, T) x fla , 

gi(w;) =no (Def(u;)iV-n„(t,.) (Ak*,-)H ^) ) on (0,T)xro, 
g2{w,r)^N-{S{w,r) N)^N-{S^(t,.)iw,r)-a^ N) on (0,T)xro, 

Biw) ^ N ■ (Ag^t) - Ao)i f w) on (0, T) x Fq . 
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Proof. In order to simplify the notation, wc shall omit the explicit dependence on 
time t £ (0, T) when we evaluate certain Sobolev norms. For instance, letting t 
denote a generic element of (0,T), || w||_f/3(f2Q.j{3) will stand for •)||^3(no;R3)- 
For the sake of clarity, we divide the proof into ten steps. 

1. Estimate of d: 

Since d{w) ~ {SI — a),) w^,i, we have that 

< C" (ll^fe - afc||Loo(sio:R«) llH2(ao:R9) + - afc||^2(Oj,.R9) \\w^ ^WL^iii^-.s?)) , 

(8.40) 

which by the continuous embedding of into L°° shows that 

l|a(w')l|ff2(f2j,.R9) < C \\6l ~ afe||/i-2(Oo;R9) \\W^ ..^ ||ff2(Ojj.R9) , 

and consequently from H8.13|l . 

lla(u')llL2(o,T;H2(ao;K3)) < C \/r || w|| L2(o,T;ff3 (fiolR^)) • (8-41) 

2. Estimate of at- 

Since d(w) — {b\ — a}^) w'',i, we have by time differentiation, 

a{w)t = {SI - al) )t + {al)t , 

which together with H8.13(l and H8.12|l shows that 

\\a{w)t\\L^(O^T-L^{no;«.^)) <C ||'i«i||L2(0,T;Hi(^1o;R3)) 

+ l|at ■ Vw||i2(o,T;L2(Oo;M9)). (8.42) 

Now, we notice that 

||at • Vw||L2(o,T;L2(no;K9)) < |1 Ot |1 L°= (0,T;L2(aQ;R9)) |1 Vw|| l2(o,T;L°° (no;R9)) ■ (8.43) 

From the Sobolev embedding theorem, we have for all t, 

||Vw(t, •)|jL~(J2o;R9) < ||Vw(t, •)||vyl,4(no;K9) , 

and thus the Gagliardo-Nirenberg inequality 17.82|l show that 

||Vi«(t,.)IU~(Oo;M9)) <C||Vii;(i,-)|ll2(^„^K9)) l|Vu;(i,-)lli2(n„;R9)) ■ (8.44) 

Since w{0) = 0, we have \7w{t,-) — f^\/wt{t' dt' , and thus from the Cauchy- 
Schwarz inequality and Fubini's theorem, 

l!Vu;(t, •)||l2(J2„.R9) < Vt ||VWt|li2(o^4.i2(f2g.Jj,9) , 

and then 

||Vu'(i, •)||l2(Oo;M9) < Vt ||Vw;t||i2(o_T;L2(no;RS')) • (8-45) 
From (|8.44() . and (|8.45(l . we deduce that 



||Vu;|U2(o,T;L=o(no;R9)) < CTlS lkt|l22(o,T;Hl(no;R«)) ll^(^'-)llif3(ao;R9))di j , 

and from Holder's inequality, 

||Vw||L2(0,T;L~(no;K9)) < Cri |klll2(o,T;H3(f2„.K3)) Ik* II !2(o,T;ff i (^o^^)) ' 
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From (|8.12l) . H8.43|l and (|8.46|) . and Young's inequality we infer that 

\\at ■ Vw|jL2(o^T;L2(Og;i{3)) 

<CDiT) T-s{ \\w{t,-)h. 

From this inequahty and (|8.42(1 . we then deduce the existence of Tat G (OjTo) 
such that for any T e (0, Taj, 



llaHtllx^ <CT8 ||(u;,r)||x, ■ (8.47) 



3. Estimate of /: 

On (o,r), 



\\fiw,r)\\Hi(nom < i^||div(Vw • (Id - a • a^))||^i(j^^.jj3) + ||(Id - a) Vr||^i(j^^.jj3) ■ 

(8.48) 

From the usual product formula for the derivatives and the Cauchy-Schwarz in- 
equality we see that 

||(Id- a)Vr||^i(5-^^.]g3) <C ||Id - a||^^i,4(s;2,,.R9)||Vr||^4(f2„.i{3) 

+ C ||Id - a||^4(Qjj.u9)||Vr||^i,4(j^^.jj3) , 

which by the continuity of the embedding of into W^ * shows that 

||(Id- a)Vr||^i(j^^.jj9j < C ||Id - a||^2(s-2^.u9) ||f'||^f2(Og.R) , 

and consequently from H8.13|l . 

||(Id - a)Vr||i2(o,T;ffi(no:R3)) < C VT \\r\\L^o,T:H^noiR^))) ■ (8.49) 
For the other term on the right-hand-side of H8.48|l we similarly have 
II div(Vu; • (Id - a • a^))||jji(Oo;R9) < C ||Id - a • \\ ^no)M\ {Qom 

\w^.'i(no;R^)\\'''\\w^:'^(no;R) ' 



C ||Id-a-a^||,^i,4m„.R9j|r|| 



which by the continuity of the embeddings of into PF^'"*, of H'^ into M^^'^ and 
of into L°° shows that 

||div(Vw (Id-a-a^))||^i(j^^.jj9) < C ||Id - a • a^||^2(fj^.R9)||w||^3(n„;R3) • 

(8.50) 

Now, from (|8.13|) and the fact that is a Banach algebra, we deduce that 

||a • a'^ - Id||^^(o,T;ff2(n;;.R9)) < C Vt , 
which combined with (|8.5U|I gives us the estimate 

II div(Vu; • (Id - a • a'^))|lL2(o^7..^i(no;H3)) < C Vf || w|lL2(o^T;ff3(no;R)) ■ (8-51) 
Thus, and llH3T|l show that 

ll/('f"l '")llL2(Q_r.^l(Q^.R3)) < C VT (^||w||^2(o,T;ff3(Oo;R3)) + |k|lL2(0_T;//2(O^.R))) . 

(8.52) 
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4. Estimate of ft: 

We have 




where (•, •)! denotes the duahty product between H^{flo;R'^) and i7^(f7o; K'^)'- Con- 
sequently, 

|((Id-a^)Vrf,0)i| < ||(Id-a)<?!>||^i(fj^.jj,3)||Vri||j^i(f^^.]g3), 

<C ||Id-a||^2(n^.R3)||Vrf||^i(jj^.jj3),||0||//i(Oo;R3) , 

which shows that 

||(Id- a^)Vrt||^i(a„.R3), <C \\ld - a\\jj2^no-x^)\\'^rt\\m{nom' ' 
and thus from (|8.13(l . 

||(Id- a^)Vrt||i2(o,T;_f/i(ao;K=')') < C VT \\yrt\\p2^o^T;HH^o;m') ' ^^'^'^^ 
For the fourth term on the right-hand-side of (|8.53(l . we notice that for any 



Thus, 

|((Id-a^)tVr, < |lat|li2(s:2Q.R9)|lVr|li4(no:R;R3)|10||i4(o„.R3) , 

and by Sobolev's embedding theorem and the Gaghardo-Nirenberg inequahty, we 
find that 




rp 7 1_ 

|((Id-a )t\7r,(j))i\ <C \\at\\L^no;m\\'^\\H^{nom''\\'^\\LHno;m)^\\'t^\\HHno;R=') ' 



which shows that 



||(Id-a )tVr|lj/i(n„.R9), <C \\at\\L2(no;m.'>)MH^no-M)''\\r\\L^no-M)^ ■ 



and consequently from H8.12|l . 




and thus 
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which with (|8.55|) gives 

||(Id - a^)tVr||L2(o,T;Hi(f2o;R3)') 



<Cri6 |kt|l!2(o,T;L2(no;R)) ^ ll'^(^'-)llH2(f^,.R))diJ . 

Now, from Holder's inequahty, 

||(Id- a^)tVr||i2(o,T;ifi(no;R3)') ^ \\^t\\l2^0^T;L^nom) ll''llL^(0,T;ff2(no;R)) ' 

and Young's inequahty finaUy give us the estimate 

||(Id-a^)tVr||i2(o_T:Hi(i2o;R3)') < C [\\rt\\L^{0,T;L-^{no;TSL)) + \\''~\\L^{0,T:H^{no:S.))] ■ 

(8.56) 

For the first term on the right-hand-side of (|8.53f) . we first notice that for any 
(f) e iJi(f}o;R^) we have 



(div(Vwt • (Id — a • a^)), 4>)i ——I (Id — a - a^Yj^dkWt ■ djcf) dx 

Jno 

+ {djWt,{Id - a ■ a'^)lNj(f>)ro, ■ 

Consequently, 

(div(Vu)4 • (Id - a • a^)), 0)1 <||Id - a ■ a'^\\L-°{no;R^)\\^Wt\\L^no;¥i^)H\\m{Qo;m 

+ \\d-,wt\\ 1, ,Mld-a-a^)iNM 1 , . 

If N denotes a smooth extension of iV to f^o, we infer that 

(div(Vwt • (Id - a • a^)),4>)i < ||Id - a ■ a^||L~(Oo;KS') II Vu't||i2(no;R9) ||(?!)||_f/i(no;R3) 

+ C \\djwt\\ ^^^^^^^^\\{ld - a ■ a'^)lNj<j>\\Hi(nom , 

and by the Cauchy-Schwarz inequality, 
(div(Vwt • (Id- a -a^)), 0)1 

< ||Id - a ■ a'^||L-=(J7o;R£')l|Vw^t||L2(no;R3)||0||Hi(Oo;R=') 

+ C ||ajWt||^_i^^^^^3^||Id- a • a'^|li=o(f2,.R9) ||0||/i-i(f2o;R3) 

+ C \\djWt\\^_i^^^^^^^\\ld- a- a^llw^A^no-RO-j ||(/>||L4(no;B3) , 

followed by Sobolev's embedding theorem, 
(div(Vwf(Id - a ■ a^)), 

< ||Id- a ■ a'^||_H-2(Oo:R9)||Vwt||L2(Oo:K3)ll'/'ll-ffi(f^o;R^) 

+ C \\djWt\\^^i^^^^j^^^\\ld- a- a'^\\H2(^no-M°) M (do^ ■ 

Consequently, 

II div(Vwt • (Id - a • a^))||Hi(no;R3)/ <||Id - a ■ a'^||H2(Og.R9)||Vu;t||L2(Og.R3) 

+ C ll^jWt|l^-^(ro;R3)"^'^ ^ " ■ «'^llff"(f2o;R9) 
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From (|8.13|) . we then deduce that 

II div(Vwt • (Id - a • a'^Mn^no-m' ^ \\^Wt\\L^no-m 

from which it foUows that 



II div(Vu;t • (Id - a • a ))\\mo,T;mino;m') \\ywt\\L^(o^T;L^no;R^)) 

+ CVt l|Vu;t||^,^^_^^^_i^^^^^3^^ . 

(8.57) 

Similarly, for the second term on the right-hand-side of H8.53|l . we notice that 
for any G H^{no;M.^) we have that 

(div(Vti; • (Id - a • a^)t),(j))i = - J (^{at ■ + a ■ aj){w,k ) ,j ■</> dx . 

Then, by Holder's inequality, 

{div(ywild-a-a^)t),4')i < ({~afa^-a-a[)lw,k),j e \mLe{no;M^) ■ 

Consequently, by the continuity of the embedding of i7^(rio;K'^) into L^(ilo; K'^), 
we have that 

\\div(yw ■ {Id - a ■ a^)t)\\mino-m' ^ II {{at ■ + a ■ aj)lw,k'j II^§(s^^.r3) ■ 

(8.58) 

On the one hand, we have from Holder's inequality that 

\\{at • + a • aj)lw,kj ll^f (j^^^rs) < \\{at ■ + a ■ )^j^||i2(n„.R3)||u;,fej ||L3(a„.R3) , 
and by (|8.13() . we deduce that 

\\{at ■ a'^ + a- aj')lw,kj\\^e^^^,^^^^ <C \\at\\ L^nomW"^ ^'^o hnnom ■ 
With (|8.12|) and the Gagliardo-Nirenberg inequality, we then obtain the estimate 

||(at -a^ + a- aj)'iw,kj lli|(o„;R3) ^ ^ ll^i'llHi(f2o;R^)ll^llff^(Oo;K-') ' 
which with 1)8.45(1 provides 

ll(at-a^+a-af)i«''fcj llif(no;R3) <CT^ l|wt|ll2(o,T;Hi(ao;R-^))ll^llff^(no;R3) • (8-59) 
On the other hand, from Holder's inequality 
\\{{afa^ + a-aj){),jw,k\\^<l;^^^.^^^ < ||((afa^+a-af )^J,j |lL2(no;R3)||w;,fe ||i3(a„.R3) , 
(|8.13|l allows us to assert that 

||((at • + a • aj)l),j w,k ll^f (f^^.RS) (llVat||i2(o„;R27)||w,fc ||l3(o„;R3) 

+ l|Va||L4(r!o;R27)lkt||L4(Oo;R°)l|w,fc ||L3(no;R3)) j 

and thus from the Sobolev embedding theorem, and another use of (|8.13() . we find 
that 

||((at • + a • aj)l),j w,k ll^f (fj^.R3) < ^ ||Vat||i2(f2„.R27)||w,fc |U3(nj,.K3) . 
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From the Gagliardo-Nirenberg inequalities, and H8.45|l . we then get 

< C||Vat|U2(t^„.K27)ri||«;t||J,(p^^.^i(^^.g3))||w||;^3(o„;K3) ■ (8-60) 
Consequently, from H8.58|l . (|8.59|) and H8.60|l . we infer that 
II div(Vu; • (Id - a • a^)t)\\mo,T:H^no-M='y) < 







T 



C^^lhtllE^(o,T;Hi(no;R^)) / ll^(^'-)llH3(f^„.R3)||Vat(t,-)IL2(n„.B 



From Holder's inequality and H8.12II . we then have that 
II div(Vu; • (Id - a • a^)t)\\L'^(o,T-M^no-M?y) 

1 L 3 

< C Ti||wt||22(o,T;Hi(Oo:R^))ll^lli^(0,T;ff3(Oo;K^)) 

3 - - 

+ C ||u't|lL2(0,T;Hi(^^o;M^))ll^lli2(0,T;H3(no;R3)) ; 

which by Young's inequalities gives 

II div(Vu) • (Id - a • a^)t)IU2(o,T;Hi(f^o;R=')') 

< CT3 (||wt||£,2(o_T;/fi(no;R3)) + l|w'llL2(o,T;ff3(no;R3))) • (8.61) 

Finally, from l|S3H|l . (|S37|) . and we see that there exists 

Tj^ G (0, To) such that for any T e (0, TjJ we have that 

ll/t||L^(0,T;ffi(Oo;R3)') < ^ ll(«^,^)lk, ■ (8-62) 

Let us define g ^ gi + §2^ . We next estimate g and its time derivative. 
5. Estimate of g: 

By definition, 

g{w,r) =S{w,r) N - S',,(f,.)(u;, r) • a'^ N+ 

Ho (^{a^ N) ■ (5,(i,) («;, r) ■ N) • (8.63) 

Letting N denote a smooth extension of N to ^Iq, we have that 

||5(w;,r) iV-5,(,,)(w;,r).a^ ^Wnhrom " ^H'^^^'^) iV-5,(,,.)(u;, r).a^ ^lk^(no;R 

From 

Siw.r) N - S^^t^.^{w,r) ■ N 

= ((Vw) + {Vw)^)N -rN - (a^ ■ Vw + [a^ ■ Vwf) ■ a^N + ra^ N , 

(8.64) 
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we infer that 



(8.65) 



\\Siw,r) N~S,(^tM^,r)-a^ ^llffi(ro;M3) ^ ^ ll^M - a^) NU^nom 
+ C llVu;- (Id~a^) ^||ff2(o„;M3) +C || (Id - a^) • • N\\HHno;m 
+ C\\{Vwf -{lA-a) iV||ff2(j,„^K3)+C ||(Vu;)^-a-(Id-a^) N\\H^(nom ' 
and since H"^ [Vto-.M?) is a Banach algebra, 
\\S[w,r)N~S,(,^.){w,r)-ar ^ll^f(ro;M3) 

<C||Id- a^||H2(ro;R9) llVw|lif2(f2j,.R9) 

+ C \\a\\H2(no-M^) l|Id - a^||H2(ro;R«) II Vw|l_ff2(f^jj.u9) 
+ ||?'||h2(Qj,.r) ||Id - a^||^f2(f^(j.u9) . 

From (|8.13l) we then get 

||5(z«,r)7V- V,)(u,,r).a^ ^ll«i(ro;M3) 

< C \/T (||w||//3(j7„.r3) + |l?ilH2(Oo;R)) , 

and by integrating in time 

\\S{w,r)N-S,,,.,M.a^ ^ll.2(o,^^^i (r„;M3» 

< C VT (||w||L2(o^T;ff3(Oo;R3)) + ||7'|1l2(0,T;H2(O(,;R))) 

On the other hand, we also have 

Ho {{a^N) ■ ( Sr,(t,){w,r) ■ J N) a^N) 

= {a^N)-{ S^^tM^,r)-a^ N N 

- (a^N) ■ ( S^^t,.){w,r) ■ N ) (a^ N) ■ (N) N , 

and thus. 

Ho {(a^N) ■ ( Sr,^t,.){w, r)-a^ N) a^N) 

= {a^N) ■ ( S',,(t,.)(u;,r) • N )(a^ - ((a^ iV) • iV) Id)7V . 

Since 

-{a^ N ■ N)ld = a^ -ld+ ((Id - a^) N ■ N) Id , 
we have in turn that 

Ho {{a^N) ■ ( S^^t,-){^,r) ■ N ) N) 

= (a^N) ■ {SrjitM^, r) ■ N) (a^ - Id)7V 

+ (a^N) ■ ( S^(^t,-)iw,r) - J N )((Id-a^) N) ■ (N) N . (8.66) 
From the trace properties, we then find that 

Uoiia^N) ■ ( 5,(t,)(«;,r) -a^ N ) ^^) 



H2{r„;] 



< 



+ 11^^ • ( Sr,(t,.){w,r)-a^ N ) ((Id - a^) N) ■ {N) iV|U2(r„;M3) . 

(8.67) 
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To estimate the first term on the right-hand-side of 1)8. 67|) . we notice that since 
if^(rJo; K"^) is a Banach algebra, we have that 



( 5^(t,)Kr) -a^ N ) (a^ - Id) N 



< C 



|a||//2(no;R9)||5'^(t,.)(u;,r) • a||^2(no;B9) l|Id - a^||//2(r(,;K9) ■ 



From (|8.13|) and H8.7|l . we infer that 



- Id) TV 



ff2(no;R^) 

<cVt \\S^(^t^.){w,r)-a^\\H2(nom ■ (8.68) 
Once again using that H'^{^lo;M.^) is a Banach algebra we can conclude that 

\\Sri(t,-){w,r) ■ a'^\\H2(no-M^) < C \\a^ ■ Vw + {a^ ■ Vw)^|l/^2(o„.R9)||a||^2(n^.R9) , 
and that 

\\Sri(t,){w,r) ■ a^Wn^nom < C {\\w\\H^nom + lkll-ff^(J^o;K-'')) l|a|lH2(o„.K9) , 
which with 1)8. 13(1 . provides us with the estimate 

\\S,j{t,-){^,r) ■ a^\\H^n„;mo) < C {\\w\\H^n„;m^) + \\r\\HHno;m) ■ 
Thus, from l|g?H5|l and we find that 

{S,(t,.Mr)-a^ N) {a^ -ld)N 



(8.69) 



<CVt {\\w\\HS(^nom + Mn^no^m) ■ (8-70) 



In an identical fashion, we also have that 



{S^it,-)i^, r) ■ J TV) ((Id - J) N) ■ (N) N 



ff2(no;R3) 

<CVt {\\w\\H^(^n„;9?) + lkllff2(no;R3)) . (8.71) 



From (|H!S3), ijOHl and (|gTT|) . we may finally conclude that 



L2(o,T;_f/5(ro;I 



< C VT (||w||L2(o^T;ff3(no;R-'')) + lkllL2(0,T;ff2(o„.R3))) . (8.72) 
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6. Estimate of gt'. 

We next estimate tlie time derivatives of the terms in (|8.63|l . First we have that 



||(5Kr)iV-V,-)K-)-«^nil«-i(ro;M3) 
< C \\n{m-J) N\\^_.^^^,^^,^+C\\raJ N\\ 

+ C II V^, . (Id - a-) ^ll,-i(,,,^,3) +C\\Vu..aJ N\\^^.^^^,^^,^ 
+ C ||(Id - a^) -VwaJ N\\H-h(j:,.M-) + ^ " ^^"^ " ' ^"/f-^ 

+ C llaf. . a- ^ll^-i(r„*3, + C \\ {^mf ■ (Id - a) iV||^_ . ^^^^^3^ 
+ C IKVH^.a. iV||^_.^^^^^3^+C ||(Vz«.r.a.(Id-0 ^ll^-i^.^^^, 
+ C \\{Vwf ■ a, ■ (Id - a^) ^||^-i(,^^^3) + C U^wf ■ a ■ aj N\\^_. 



From (jHUni), we find that 



\\iSiw,r)N-S,,,,jiw,r)-a^ ni!^-^(r,«3) 

- ll^*llH-^(ro;K) l|Id-a||wi.*(f2o;K«) +^ ll"*llff-^(ro;R9) ll^ll^^'^(f2o;K) 

+ ll^^*llH-i(ro;R«) l|W-a||M/i.4(no;R«) + C^ ll'**llH-i(ro;R«) ll^^llM^^'^(f^o;R3) 

+ lkt||^-^(P^.]g9) l|Vt«||ivi.'i(Oo;R°) l|Id- a||M/i-4(no;R8) 

+ l|Vi«t||^-i(P^.j,9) l|a||wi.-i(Oo;REi) ||Id - a||vi/i,4(Oo;R9) 

+ C Ikt|l^-i(p^.]g9) l|a||lvi.4(no;R») l|Vw||H'i-4(nQ;R9) , 



and with the Sobolev embedding theorem and the Gagliardo-Nirenberg inequality, 
we obtain 





Iff i(r(,;R) 


Id - a /i-2(no;K9) 




+ C 


Wt\\m(no:i 







+ C 




(ro;RS') l|Id-"ll^^"(f^o;R3) 




+ c 




1 

ll^^«llffi(no;R3) ll^^^'l 


3 

H2(no;R9) 


+ c 


Wt\\m(no:i 


V>) lkllif3(f2(,.R3) ||Id - a 


kvi.4(Oo;R 


+ c 




(TaM^) ll«ll-y"(!^o;R«) 11^ 





+ C ||at||jfl(no;R9) ||a||ff2(Oo;R9) 1 1 V W 1 1 ( . jjg ) 1 1 V W 1 1 ^2 (fJo ;R!) ) ■ 
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From and the fact that r(0) = and w{0) = 0, wc then infer that 



3(ro;B 



\\{S{w,r) N-S,^tM^,r)-a^ N)t\\^_ 

j_ 1 2 

+ CT16 ||n|||,2(o,T;L2(no;B)) ll^ll|f2(f^j,.R) 
J_ i 3 

+ C %/T ||u;||^3(o„;K3) +cVt W'^mW^-i^^^.^^,^ 

1 1 3 

+ CT8 ||Vwt||22(o^T;Hi(flo;R^)) ll'^^ll-ff2(no;RO) ' 



and from Young's inequahty, 



\\{S{w,r)N-S,^,^.-,{w,r)-a^) iV) J|^_ . ^^^^^3^ 

+ C Tie (||?'t||L2(o,T;L2(J7o;R)) + 

+ C (||Vwt|ji2(o,T;ffi(Oo;R9)) + l|Vw||H2(no; 

+ CVt \\w\\Hs^n„-m +CVt \\^m\\^-i^^^,^^, 

+ Crs (||Vw;t||L2(o,T;ffi(Oo;RO)) + II Vw||h2(J2o 



Then, we see that there exists T{ e (0, Tq) such that if < T < r{, we have that 



(8.73) 

To estimate the remaining term in ()8.63fl . we use (|8.66|l to obtain the estimate 



ff"2 (ro;R3) 



< 



■{S^,tMw,r)-a^ N) (a^ - Id) TV) 



(^^(4,)(«;,r).a^7V)afiV 



if"2 (ro;B 



( ■ ( ^"f*'-) ^) ■ ^) ) ^ - a^) iV . iV)iV 



(5^(i,)(«;,r).a^7V) (af N) ■ {N) N 
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From (|8.19|) . we then find that 



< C 

+ c 



|a^iV|2 



//"7(ro;i 
if"5(ro:R3) 

\\at N\\ 



\\a - Id||vi/i,4(no;RS') 



Using H8.19|l for the first term on the right-hand-side of the previous inequality 
together with the fact that W^''^{no;M.^) is a Banach algebra, provides us with the 
inequality 



Ho 







1 


)). 







Wi.-*(no;l 



+ C \\Sn{t,-)iw,r)\\wi.'t{no-M^) l|a|l wi.4(ro;RO) jj-^(ro;R9) II" ^ Id||vi/i,4(no. 
By taking into account H8.19|l . we deduce that 







1 


)). 


H"i(ro;K3) 





<C ||Vw;t||^_i^^^^^3^ l|a||^i.4(Oo;R3) ||a - Id|| wi,4(Oo;i 



+ C 

+ c 
+ c 
+ c 
+ c 
+ c 



^t|l^-i(ro:R) ll^llw'i'n^^o*^) ll« ^ Id||vvi,4(f2^.jj,9) 

at||^-i(P^.R9) ll^'^llwi'«(i2o;RS') ll«llw'i.''(ro;R«) 11^ ^ vi/i,4(aQ.R3) 
"*llH-i(ro:R9) ll''llw'''''(^^o;R) l|a||wi'4(ro;R«) l|a-Id||M/i,4(Og.R9) 

Vw||ivi,4(Oo;M9) ||a||^i,4(no;M9) ll"*ll^-i(ro;R9) II" - Id||i4'i.4(no;R3) 

^llwl'1(no;R) llalllVL-lCaolR^) ll"*llH-5(ro;R9) ll« - 1^11^^1,4(^^.159) 

a|lwi.4(no;R9) W'^Mlw^-HnoAS) ll"*ll^-i(ro:R9) 
»llwi.''(no;R9) lkllwi.4(no;R) ll'^tll 



H-3(ro;I 
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and by the Sobolev embedding theorem and the GagHardo-Nirenberg inequaUty, 



no 



{S^^t^.-,{w,r)-a^ N) a^N^ 







1 


-1 


)). 









+ C 

+ c 
+ c 
+ c 
+ c 

+ c 

+ c 



n 



'ff-i(ro;R) ll"ll?^'(f^o;R») \\a-M\H--(no 



atWuHUo-M?) \\w\\H^{na-M-^) lkllH2(Og.K3) ||a - Id||//2(Og.B 
at||Hi(^2o;R^) lkllH^(no;R) \W\\H'^{no\S-°) ll« ^ Id||^2(Qj,.jj9; 

'w||H3(no;R3)) ||a||?/2(Oo;R9) 1 1 1 1 ffl (f^ ;R° ) 1 1 « ^ ^ 1 1 ^2 (Oo 

?'l|i/2(f2j,.R)) ||a||/i-2(f2j,.R9)) ||at||/i-i(r2„;R9) ||a - Id||H2(Oo;i 

0'llff2(no;R9) ll'f«ll|fi(Oo;R3) ll''«ll|f3(On;R-') ll^tllffM^^o^R") 

«ll?/2(f^(j.R9) |k|l22(f^j,.R) lkll|f2(f2^.R) llatllHlCfloiRf) • 



Finally, from |(H!3, iPH^ and (jHHSll, we infer that 



ff"2 (ro;K3) 



< C VT (||Vu;,||^_i + ||r,||^_i ^j,^^^^ + ||«;||H3(,,„^R3)^ 

+ C VT (||?i|^2(Oo:R) + ||W||//3(Q^.R3) + ||r||^2(f2^.R)) 

j_ / 1 2 1 1 

+ CTs (^||wt|||,2(o,T;Hi(^1o;R^)) II ^lllf^ (Oo;R3) + II II L2(0,T;L2(no;R^)) ll^lllf2(no;: 

We may thus conclude that there exists € (0,To) such that for any T E (0, 
we have 



^^^^ 



< CTs ||(w,r)|| 



From (jg75|) and |S71jl . we have that for all < T < Tg^ = mm{T{,T^), 

Il5*ll,2rn^.^-*rr..»3.. <^^^ \\i^^r)\\x^ ■ 



(8.74) 
(8.75) 



'L2(0,T;ff~5(ro 

7. Estimates of gi, g2,dt9i, and 9(32 = 
Since §2 ^ g ■ N and gi = g - (g ■ N) N, we infer from l|^7^ . and 
that for any < T < min(rg, Tg^), 



Il5i(w^,'')ll 



L2(0,T;H5(ro;l 



+ Il5l('«,^ 



ll^2^^'^^llL2(o,T;ff5(ro;R)) ' ' ^*"L2(o,T;H-*(ro;I 



*"L2(o,T;H"3(ro;: 

ll52(w,?-)4 



<CTTe \\(yj,r)\\ 



(8.76) 



8. Estimate of {B)t: 
As we defined in H3.3|) . 
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Consequently, 

- {g-^{t, x)Tl^{t, x) - g'^^iO, x)r^^(i, x))§^{t, x) 



dy 

+ / ^^L^{t' ,x)dt' 



w 

dy-d^P' 

dt{g'"'{t,x)rl^){t,x) I —{t',x)dt'. (8.77) 



It follows that 



2 I 



<C\\ |Vr/r|VVVii;| \\mno-m+'^\\ |VV77||V77||VV?«| |lL2(no;R3) , 
and from H8.10|l . and the Cauchy-Schwarz inequality, 

<C Vt ||w||^3(no;R3) +C II |VV77||Vr;| \\mnom II |VVu;| Wmno-M) ■ 

From the Sobolev embedding theorem and the Gagliardo-Nirenberg inequality, we 
then have that 

1 7 

< CVT ||w||if3(flo;K3) + C'll'7llH3(no;M3)||w||^l(f^^.K3)||w|| j3(no;R3) • 

Since w{0) = 0, we use H8.1U|I to deduce that 

ll(5"'^(V)-5"'^(0,-))^(V)ll,i(,„^,) 

<c Vt I|w||h3(j^„.k3) + c rTO||z«,||53^jj_^.^^^^^.jg3^^l|u;||j3^^^.jg3^ , 

and from Young's inequality, 

11(5 -9 {0, )) QyaQy(3 llL2(o,T;ffi(r*;R)) 
< C \/T ||w||L2(o,T;ff3(Oo;K3)) 

+ C Tie 111^2(0, T;ffi(no;R3)) + |lw||L2(0,T;ff3(Og.R3))) . (8.78) 

Similarly, 

\W{t^ ■n.it, .) - 5-^(0, .)rl,(o, ■))§^it, •)ll^^(,„^«3) 

<c\\ (g"''(t,.)rl^(t,-)-5"''(o,-)rZ^(o,-)) IvvH u.^nom 
+ c\\ \^{g-^{t,-)Tl^{t,-)-g'"'{o,-)rl^{o,-))\ |Vi.| h.^no;m , 
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and thus, 



dw 



< C II g'^^it, ■)Tl^it, .) - g'^^iO, •)rl^(0, •)llL~(0,T;L^(f2o;K))ll^llw'--(Oo;E 
+ C II Vig^^it, ■)Tl^{t, .) - g"P{0, ■)rl^{0, •))IIl==(o.T;L^(Oo;M))II^IIh3(Oo 
From (|8.1U|) . we see that 



II ■)rlp{t, .) - g-f^iO, ■)Tl^{0, Oil 



9w 



Consequently, 



II •)rl,(i, •) - 5-^(0, orl^io, Oil 



dw 



'-f/5(rj;R3) 

< CVt \\w\\H^no;m 



dyl ^ ' ^"L2(0,T;ff7(ro;M 
<C ||u'||L2(o,T;ff3(no;l 



(8.79) 



Next, we have that 



Wdtg'-^it.-) 



9r9y^(*''')^''"H^(ro;: 



< C 

+ c 

+ c 



|VV^;||V77| 



|Vi;||VV77| 



|V«||Vr;| 



Jo 
Jo 
Jo 



L2(Oo;K3) 



L2(no;R3) 



L2(ao;R3) 



From H8.10|l . and the Cauchy-Schwarz inequahty, we then find that 



\\dtg''^\t, 



9y"9y'3^^'''^'^*'"ff'(ro 



< C ||VV^;||L4(fi,;R2' 

+ C ||V«||i«>(no;R9) 

+ C* ||Vi;||L«:(n„.R9) 



/ VVw{t',-)dt' 
Jo 



VVw(i', ■)dt' 



/ VVVw(t',-)di' 
Jo 



L2(no;R27) 

By the Sobolev embedding theorem and Jensen's inequahty, we deduce from the 
previous inequahty that 



a2;"V^*'''^''^'"^^'(ro;i 



< C* l|w||H3(f2o;R3) / \\^^w{t',-) \\Li(Qg,K27)dt' 

Jo 

+ C" lkllH3(Oo;R3) / \\w{t' ,■) \\H3(no;R'')dt' , 
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and from another use of the Sobolev embedding theorem together with the Cauchy- 
Schwarz inequahty, 



< C* ||l'||_f/3(Oo;R3) VT \\w ||L2(o_T.//3(no;B3)) 



Consequently, 



■it,-)\\ 



< ||'u||L2(o^T;H3(Og.R3)) VT \\w ||L2(0,T;H3(no;l 

< C VT \\w ||L2(0,T;//3(no;R3)) ' 



(8.80) 



where we have used that ||w||L2(o.T;H3(f2„.K3)) < M{T) < M{To) (since {v,q) e Ct) 
for the last inequality. Recall that we allow C to depend on Tq. 

Now, to estimate the last term of the right-hand-side of H8.77II . we note that 



2/3 V 

< c 

+ c 

+ c 

+ c 

+ c 

+ c 



|Vr/|3|VVVu| 



H2 (ro;K3) 
t 

Vw(i', ■)dt' 



L2(no;B 



|V?7nVV?7||VVu| 



|V77nVVV77||Vw| 



Vwit', ■)dt' 



\Jw{t', ■)dt' 



\Vr/\^\VVv\ 



\Vr/\^\VVr]\\Vv\ 



|V?7||VV?7nVi;| 



\/\/w{t',-)dt' 

L2(no:I 

VVw{t', ■)dt' 



Vw{t\-)dt' 
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From H8.10|l . the Sobolev embedding theorem, and the Cauchy-Schwarz inequal- 
ity, we then deduce that 



dt{g'^P{t,-)Tl^{t,x)) 

< C 111^11^3(^0; 



dw 

dr 



{t'-)dt' 



\/w{t',-)dt' 



C 

c 
c 
c 
c 



VVw||l4(0(,; 

Vw||Loo(no;R 

VVi;||l4(o^.r27) 

Vt;|lLoo(f^^.R9) 

Vw|lL=o(no;K9) 



Vw(t', ■)dt' 

[ \'\'w{t',-)dt' 
Jo 

[ VVw{t',-)dt' 
Jo 



L°°(no;M3) 
L=°(f2o;R9) 



\/w{t', ■)dt' 



L=(no;R9) 



By the Sobolev embedding theorem and Jensen's inequality, the previous inequality 
yields 

"'0 "V H3(ro;R3) 
< C* ||w||if3(Ojj.K3) / •)l|H3(no;R3)di' . 

Jo 

Consequently, by the Cauchy-Schwarz inequality, 
5*(5"''(i,-)rl^(i,-)) 



* dw , , , , , 
dy^ 



H7(r';i 



< C VT ||t^||H3(On:R3) \\M\L^{0,T-M3(^lf,-M'^)) , 



which leads us to 



L2(o,T://7(ro;R3)) 
< C VT ||w||l2(0,T;H3(Oo;R'')) l|w|lL2(o^T;H3(ao:R3)) 

< C VT ||w||i2(o^T;H3(no;R3)) . (8.81) 

where we have used that {v,q) G Ct for the last inequality. 

Finally, combining (jHTTjl . (|H7S|) . l|^7^ . (jCTTj) . and l|H3Ill, there exists T^^ e 
(OjTo) such that for any T e (0,T-gJ we have the estimate 



(8.82) 
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9. Estimate of B: 

Since B{0) = 0, we then deduce from lIHTTjl that for any T £ (0, T-gJ, 

\\B(w)\\ 1, < C \\{w.r)\\xT ■ (8.83) 

10. End of proof of Lemma IsTTol 

Using the results of the first nine steps, we have that 

Ti = min [Ta, , Tjr^ , Tg, , T-g^ ) 
satisfies the statement of Lemma 15. lUI 

□ 

We next have the following weak continuity result. 

Lemma 8.11. For < T < Tq the mapping Qt associating {v,q) to (v,q) G Ct is 
weakly continuous from Ct into Ct ■ 

Proof. Let Let {vp, qp)p£fi be a given sequence of elements of Ct weakly convergent 
(in Xt) towards a given element {v,q) e Ct ( Ct is sequentially weakly closed as 
a closed convex set) and let (wct(p), 9cr(p))peN be any subsequence of this sequence. 

Since V^{T) is compactly embedded into L^{{0,T);W^-^{n;R^)) (see 0), we 
deduce the following strong convergence results in L^((0, T); L^(ri; R"^)) as p goes 
to oo: 

(aDp(«f)p^«f«f : (8.84a) 
[(«^)p(«f)p],. - («f«f),. , (8.84b) 
(«■ )p -> • (8.84c) 

Since {qa{p))peN is bounded in V^{T), let {qa'{p))pGN be a subsequence of {qa{p))peN, 
weakly convergent in V'^{T) to a limit q G V'^{T). Since (wcr'(p))pgN is a bounded 
sequence in V^{T), let (fcr"(p))peN be a subsequence weakly convergent in ^■^(r) 
to an element v e V^{T). 

From the strong convergence resuhs (|H3H, 

we obtain the weak convergence 

results in L^{{0,T); L^{n;R^)): 

dtVa"ip) - ^(af (^"(P))«f (^"(P))«;"(p),fe + «.n^"(p))9>(p),fc 

^ - i^{aj afv\k ),j +aiq,k , 
atic7"ip))v^>~^p)\k a'lv\k , 

and thus we have that 

v\ - iyiajafv\k ),j +a'lq,k = , (8.85a) 
a'^v\k = 0- (8.85b) 

iiiLmO,T);L\n;R^)). 

Moreover, the continuity of the embedding of ^^(r) into C([0, T]; r3)) 
ensures us that in 7J^(ri; M^)} 

w(0) = uo . (8.86) 

By the trace theorem, 

(w^"(p))peN is bounded in L\{0, T); H^'^iTo; M^)) , 
idtv^"ip))peN is bounded in L\{0,Ty, H"-^{To;R^)). 
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Then, we infer that (i'(t"(p))pgn strongly converges in i^((0, T); if^(ro; M"^)) to v; 
furthermore, the compactness of the embedding of ^^(T) into i^((0, T);H^{flo; R^)) 
provides the strong convergence of (g<j"(p))peN to q in L^((0, T); _ff ^(fio; I^^))- We 
can then easily deduce that in i^((0, T); i^(ro; M^)), we have as p oo, 

Hon,^,,^^, {D^^„,Ji) ■ a^{^"{p)) n) ^ Hon, ■ a' N) , 

N ■ S„^„ {v„„ (p) , q„„ (p) ) • (cr" (p)) N - a N ■ Ag^„ (t) ( / i^,, (p) ) 

^N-iSr,{i,q)-a^ N)-a N-Ag^t^if C) 

Jo 

and thus in L^{{0,T); L^{To;R^)), 

non^A,(w) • iV = , (8.87a) 

N-{S^{i),q)-a^ N)-a N-Ag^t){f = a TV • Ag(,)(Id) . (8.87b) 



Concerning the forcings, we obviously have the strong convergence in the space 
L2(o, T; L^ifla; M^)) of / o 7;„„(p) to / o 77. Thus, with ^113, and lH13l, we 

then deduce that 

il - i^iajafff^k ),j +aU,k = in (0, T) x , 
4d\k = in (0,r)xl]o, 



HoH^ (A,(w) • a"^ iV) = on (0,T) x T. 



: 



7V-(5^(f},g)-aTV)_^Ar.A<,(4)(/ v) ^ a N ■ Ag^tjM on Tq x {i = 0} , 

Jo 

u = lio on CIq X {t — 0} , 

This precisely shows that 

{v,q) = eT(w,g). 

Hence, we deduce that the whole sequence {Qrivn, 9n))„gN weakly converges in 
towards 0^(^,9), which proves the lemma. □ 

9. Proof of the main theorem 

9.1. Existence. Let T S (0, To). The mapping 8 being weakly continuous from 
the closed bounded convex set Ct into itself from Lemmas 18.91 and 18.111 we infer 
from the Tychonoff fixed point theorem (see for instance ^,5;) that it admits (at 
least) one fixed point {v,q) — 9(v,q) in Ct- Hence, we have 

vl-iy{ala'[v\k),j+a'yq,k^F' in (O,r)xr!o, (9.1a) 

4v\k^0 in (0,T) X flo, (9.1b) 

HoH,, {D,,{v) -a^ N) ^0 on (0, T) x Tq , (9.1c) 

N-{S„{v,q)-a^ N)~a N-Ag^t){f v) = a N ■ Ag^t){ld) on (O,r)xro, 

Jo 

(9.1d) 

V = uo on rJo X {t = 0} , (9.1e) 
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Condition Ij9.1cl|) also reads 

N ■ {Sr^iv, q)-a^ N^a ^git){v)) - on (0, T) x To . (9.2) 

On the other hand, H9.1c() is equivalent to 

n,, (A,(w) -a^ N) = XN on (0,T) x Tq , 

where A G ^^((O, T); ff°-5(ro; M^)). From |(H3, N and a^iV are not orthogonal. 
The previous identity can then hold only if A = 0. Thus, 

n,, -a^ N) =0 on (0, T) x Tq . (9.3) 

Since the vectors q N and Ag(j)(7]) are also colinear to N, the direction 
normal to ?/(ro), H9.3() implies that 

n„ {S^{v, q)-a^ N-a Ag^t) (77)) = on (0, T) x To . (9.4) 

Adding together (|9.2|l and (|9.4(l , we have that 

S^{v, q)-JN-a A<,(t) (77) = on (0, T) x Tq . (9.5) 

This finally shows that 

v] - i^{ajafv\k ),j +a'i:q,k = F' in (0,T) x flo , 

aft;\fe = in (0, T) x l^o , 

S^{v,q)-a^ N = a Ag(^t)iv) on (O,r)xro, 
■y = Mo on flo X {t = 0} , 

so that w is a solution of (|3.2|) . 

9.2. Uniqueness. Now, to prove the uniqueness of a solution to H3.2|l in Xt, we 
use the Lipschitz condition H5.3|l . Let {v,q) be another solution of H3.2|l . Then, 

iv-v)l-i^{ajaHv\k-i\k)),j+aUq,k-q,k) = Sf in (0,T)xf^o, (9.6a) 

a*^(w - v)\k = Sa in (0, T) x , (9.6b) 
HoH^ (/^^(w -v)-a^ N) ^ Sgi on (0, T) x Tq , (9.6c) 

N-{S,,{v^d,q~q)-a^ N)~aN-Ag^t^{f v - v) (9.6d) 

Jo 

= (5^2 + CT(5B on (0, T) X To , 

(9.6e) 

V - w = on {0} X 17o , (9.6f) 

with 

Sf - -Hiaja^ - ajaf) v\k )),j +/ o ,7 - / o in (0, T) x ^io , (9.7) 
Sa ^ {d'l - a'^)v\k in (0, T) x , 

Sgi - Ho ( n,^( Dfj{v) -a^ N)~ n„( D^iv) ■ N ) ) on (0,T) x To , 
552 = iV • {S^{v, q) -h^ N- S^{v, q) ■ J N) on (0, T) X Tq , 

6B = -a N ■ {A~g^t) - Ag^t)){ f «) on (0, T) x Tq . (9.8) 







NAVIER-STOKES EQUATIONS WITH SURFACE TENSION 



71 



We note that these forcing terms are similar to those appearing in (|8.34|) . with 
{vmqn) replaced by {v,q), and Id replaced by a, and with the two addition terms 
on the right-hand-side of H9.7I) : 

f°V-.f°V- (9.9) 

Since the initial boundary forcings satisfy Sgi{0, •) = 0, Sgi{0, ■) — and SB{0, •) = 
0, and the initial data satisfies the compatibility condition 

Ho (Def (0) ■N)=0 , 

associated to the condition dgi{0, •) = 0, we can apply the same type of iteration 
procedure that we used to establish the solvability of the linear problem in the proof 
of Lemma IHH to solve We find that for any T' e (0,T), 

\\{v-v,q- q)\\xj„ 

< C" (||(5/||L2(o,T';Hi(no;R3)) + ll<5/t||L2(o,T';ffi(no;K3)') 

+ ll<^a||L2(o_T';ff2(n„.R9)) -I- |i(5at|ji2(o^T';L2(Oo;R^)) 

+ ll'5.92||^2(o^T':ffi(ro;R)) ^ L2(0,T';H- ^ (EoiR)) 

Now, by using H8.2()|l together with the remark made after l|9.8|l , the same method 
as we used for proving Lemma |8 . 101 can be applied for estimating the right-hand- 
side of 1)9.10(1 (with 1(8.20(1 playing the role of ((8.13(1 in the present case); we find 
that for any T' e (0,r), 

ll'5/||L2(0,T';_H"i(ao;R'^)) + ll'^/t||L2(0,T':Hi(f^o;K^)') 
+ ll'5a||L2(0,T';H2(s;2j,.R9)) + ||(5at||i2(o,T;L2(f^Q.R9)) 

+ ll'5.gi||^2(o,T';ffi(ro;R3)) + ll^3l*llL2(0,T';fl-i(ro;R3)) 
+ ll'^52||^2(o^T';ffi(ro;R)) L^{0,T'-H^i {ro;V.)) 

+ ll'^-^ll^2(o,T';ff3(ro;R)) ll'^^*^L2(o,T';ffi(ro;R)) 

<Cr^e \\{i,q)\\x^, \\iv-d,q-q)\\x^, ■ (9.11) 

Note that the additional terms 1(9.9(1 arising in ((9.7(1 do not cause any difficulties 
because of the estimate ((8.25(1 . 

Thus, from 1(9.10(1 and ((9.11() . we have that 

\\{v-V,q-q)\\x^, <C \\{v,q)\\x^, T'^e \\{v - v, q - q)\\x^, ■ (9.12) 

Now, let T' e (G,T) be such that C \\{v,q)\\xT T'ts < 1. Then, from ^J^, we 
have \\{v — V, q ~ q)\\xj., = and thus {v — v,q — q) = on [0, T']. Let us define 

= sup{<e (G,T)| Vt' <t, iv~v,q^q)it',-) = 0} . 

We have <T' <T, <T. let us assume that < < T. Since V^{T) x V'^{T) C 
C([0,r];i72(r2o;R^)) x C([G,T];iJi(f^o;K^)), we have by continuity 

{v-v,q~q)iT,,-) - (0,0) . 
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By an integration in time from to T^, one also immediately gets r]{Ts, •) = "iiiTg, •) 
and as a consequence 6gi{Ts,-) — 0, 6g2{Ts,-) = 0, SB{Ts,-) = 0. Thus, we see 
that 

{v - v)l- iy{aj4{v\k-v\k)),j +a'y{q,k-q,k) = 6f in (T,, T) X l^o , 

(9.13a) 

ai{v-vy,k=Sa in {Ts,T)xna, 

(9.13b) 

Hon,, {D^iv ~v)-a^ N)= 5g^ on (T„ T) x Tq , 

(9.13c) 

N ■{S,,{v-v,q-q)-a^ N)-a N ■ Agi^t^{ f v - v) = 5g2 + SB on (T,, T) x To , 

(9.13d) 

-y — w = on X {t = Tg} . 

(9.13e) 

Since the new initial data {v — v)(Ts, •) — (0,0) satisfies the compatibility con- 
dition 

Ho (Def((« - «)(T„ •)) • a^{Ts, ■) N) = , 

associated to the conditions Sgi{Ts, •) = 0, Sg2{Ts, ■) = and SB{Ts, •) = 0, we can 
then use the same estimate as (|9.10|) for the system (|9.13ll : thus, for any T" £ (0, T), 

\\{v - v,q- q){Ts + ■,-)\\xj.„ 

< C (||'5/||L2(T,,T";_ffi(J1o;R3)) + ll'5/t|U2(T,,T";Hi(f^o;K^)') 

+ \\Sa\\L2(T,,T";H^{no;^^)) + li'^"*llL2(T,,T":L2(ao;R9)) 

+ ll'^-92ll^2(j.^ y//.^|(r(,;R)) 11*^^2*11^2(7-^ ^//.^-^(ro;R)) 

+ ll'^^llL^(T.,T";ff^(ro;R)) + ll'^^*llL^(T.,T";//^(ro;R))) ' ^^.14) 

Since the same methods that we applied for proving Lemma l8 . 1 Ul can also be used 
for estimating the right-hand-side of H9.14|l . we find that for any T" G (Tg,T), 

11-5/11 + ¥ft\\ 

+ \\Sa\\L^(^T,,T"-H^(no;M.°y) + ll'5at||L2(o,T;L2(J1o;R9)) 

+ ll'53lll^2(y^^ -r/z.^lfpjj.jjs)) + ll'^^l*llL2(Ta,T";_f/~i(ro;R=')) 

<C(T"-T,)Ti ||(^,<7)(T. + -,-)|k,„ \\{v-i,q-q){Ts + ;-)\\x,„ ■ 

(9.15) 

Consequently, from 19.1411 and (|9.15|) . we have that 
\\{v-v,q-q){Ts + ■r)\\x^„ 

<C \\{i,q){Ts + -r)\\x,„ iT"-Ts)^ \\^y^y^q-q)^Ts + ;-)\\x,„ • 
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Now, we see from this inequality that for T" E {Ts , T) sufficiently close to , 
{v-i,q- q){t', = in [T„T"]. Thus, 

T" < Ts , 

so that we arrive at a contradiction, showing that Tg — T, i.e. the uniqueness of 
the solution to (j3.2|l in Xt- 
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